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Abstract. A functor is constructed from the category of globular CW-complexes to 
that of flows. It allows the comparison of the S-homotopy equivalences (resp. the T- 
homotopy equivalences) of globular complexes with the S-homotopy equivalences (resp. 
the T-homotopy equivalences) of flows. Moreover, it is proved that this functor induces an 
equivalence of categories from the localization of the category of globular CW-complexes 
with respect to S-homotopy equivalences to the localization of the category of flows with 
respect to weak S-homotopy equivalences. As an application, we construct the underlying 
homotopy type of a flow. 
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Part 1. Introduction 

1. Outline of the paper 

The category of globular CW-complexes glCW was introduced in [(tCtOS) for modelling 
higher dimensional automata and dihomotopy, the latter being an equivalence relation 
preserving their computer-scientific properties, like the initial or final states, the presence 
or not of deadlocks or of unreachable states, and more generally any computer-scientific 
property invariant by refinement of observation. More precisely, the classes of S-homotopy 
equivalences and of T-homotopy equivalences were defined. The category of flows as well 
as the notion of S-homotopy equivalence of flows are introduced in [Gau03d . The notion 
of S-homotopy equivalence of flows is interpreted in |Gau03d] as the notion of homotopy 
arising from a model category structure. The weak equivalences of this model structure are 
called the weak S-homotopy equivalences. 

The purpose of this paper is the comparison of the framework of globular CW-complexes 
with the framework of flows. More precisely, we are going to construct a functor cat : 
glCW — > Flow from the category of globular CW-complexes to that of flows inducing 
an equivalence of categories from the localization glCW[5'H~^] of the category of globular 
CW-complexes with respect to the class STC of S-homotopy equivalences to the localization 
Flow[5~^] of the category of flows with respect to the class S of weak S-homotopy equiv- 
alences. Moreover, a class of T-homotopy equivalences of flows will be constructed in this 
paper so that there exists, up to weak S-homotopy, a T-homotopy equivalence of globular 
CW-complexes / : X — > Y if and only if there exists a T-homotopy equivalence of flows 
g : cat{X) — > cat{Y). 

Part 121 introduces the category of globular complexes glTop, which is slightly larger than 
the category of globular CW-complexes glCW. Indeed, the latter category is not a big 
enough setting for several constructions that are going to be used. Part 01 builds the functor 
cat : glTop — > Flow. Part |1] is a technical part which proves that two globular complexes 
X and U are S-homotopy equivalent if and only if the corresponding flows cat{X) and 
cat(U) are S-homotopy equivalent. Part Improves that the functor cat : glCW — > Flow 
from the category of globular CW-complexes to that of flows induces an equivalence of 
categories from the localization glCW[57^~^] of the category of globular CW-complexes 
with respect to the class of S-homotopy equivalences to the localization Flow[5^^] of the 
category of flows with respect to the class of weak S-homotopy equivalences. At last. 
Part El studies and compares the notion of T-homotopy equivalence for globular complexes 
and flows. And Part [3 applies all previous results to the construction of the underlying 
homotopy type of a flow. 

2. Warning 

This paper is the sequel of "A model category for the homotopy theory of concurrency" 
|Gaun3d| ■ where the category of flows was introduced. This work is focused on the relation 
between the category of globular CW-complexes and the category of flows. A first version of 
the category of globular CW-complexes was introduced in a joined work with Eric Goubault 
[nSnni- a detailed abstract (in French) of |Gaun3dj and of this paper can be found in 
[SmOHEI and i(4a,un3cj. 
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Part 2. S-homotopy and globular complex 

1. Introduction 

The category of globular complexes is introduced in Section |2l This requires the intro- 
duction of several other notions, for instance the notion of multipointed topological space. 
Section 01 carefully studies the behavior of the functor X i-^ glTOP(X, y) for a given 
Y with respect to the globular decomposition of X where glTOP(X, y) is the set of 
morphisms of globular complexes from X to y equipped with the Kelleyfication of the 
compact-open topology. At last, Section 0] defines and studies the notion of S-homotopy 
equivalence of globular complexes. In particular, a cylinder functor corresponding to this 
notion of equivalence is constructed. 



2. The category of globular complexes 



2.1. Compactly generated topological spaces. The category Top of compactly gen- 
erated topological spaces (i.e. of weak Hausdorff fc-spaces) is complete, cocomplete and 
cartesian closed (more details for this kind of topological spaces in Bro88, May99| , the 
appendix of |Lew78j and also the preliminaries of GauOSdJ). Let us denote by TOP(X, — ) 
the right adjoint of the functor — x X : Top — > Top. For any compactly generated 
topological space X and Y, the space TOP{X,Y) is the set of continuous maps from X 
to y equipped with the Kelleyfication of the compact-open topology. For the sequel, any 
topological space will be supposed to be compactly generated. A compact space is always 
Hausdorff. 

2.2. NDR pairs. 

Definition 2.2.1. Let i : A — B and p : X — ^ Y be maps in a category C. Then i has 
the left lifting property (LLP) with respect to p (or p has the right lifting property (RLP) 
with respect to i) if for any commutative square 




there exists g making both triangles commutative. 

A Hurewicz fibration is a continuous map having the RLP with respect to the continuous 
maps {0} X M C [0, 1] X M for any topological space M. In particular, any continuous 
map having a discrete codomain is a Hurewicz fibration. A Hurewicz cofibration is a 
continuous map having the homotopy extension property. In the category of compactly 
generated topological spaces, any Hurewicz cofibration is a closed inclusion of topological 
spaces |Lew78j . There exists a model structure on the category of compactly generated 
topological spaces such that the cofibrations are the Hurewicz cofibrations, the fibrations 
are the Hurewicz fibrations, and the weak equivalences are the homotopy equivalences 
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( |Str66j |Str68j |Str72j and also |Col99j ). In this model structure, all topological spaces are 
fibrant and cofibrant. The class of Hurewicz cofibrations coincides with the class of NDR 
pairs. For any NDR pair iZ,dZ), one has [?^t^ |Whi78| jKH mij |Hatn2j : 

(1) There exists a continuous map /i : Z — > [0, 1] such that /U^^({0}) = dZ. 

(2) There exists a continuous map r : Z x [0, 1] — > Z x {0} U dZ x [0, 1] which is the 
identity on Z x {0} UdZ x [0,1] C Z x [0, 1]. 

This fact together with the continuous map /i : Z — > [0, 1] is used in the proofs of 
Theorem K-{.5.2I and of Theorem 

2.3. Definition of a globular complex. A globular complex is a topological space to- 
gether with a structure describing the sequential process of attaching globular cells. The 
class of globular complexes includes the class of globular CW-complexes. A general glob- 
ular complex may require an arbitrary long transfinite construction. We must introduce 
this generalization because several constructions do not stay within the class of globular 
CW-complexes. 

Definition 2.2.2. A multipointed topological space {X,X^) is a pair of topological spaces 
such that is a discrete subspace of X. A morphism of multipointed topological spaces 
f : — > {Y,Y^) is a continuous map f : X — > Y such that f{X°) C Y° . The 
corresponding category is denoted by Top™. The set X^ is called the 0-skeleton of {X, X^). 
The space X is called the underlying topological space of {X, X^). 

A multipointed space of the form {X^,X^) where X^ is a discrete topological space will 
be called a discrete multipointed space and will be frequently identified with X^ itself. 

Proposition 2.2.3. The category of multipointed topological spaces is cocomplete. 

Proof. This is due to the facts that the category of topological spaces is cocomplete and 
that the colimit of discrete spaces is a discrete space. □ 

Definition 2.2.4. Let Z be a topological space. The globe of Z, which is denoted by 
Glob*°^(Z), is the multipointed space 

(|Glob*°P(Z)|,{0,l}) 

where the topological space |Glob*''^'(Z)| is the quotient of {0, 1}U(Z x [0, 1]) by the relations 
{z, 0) = {z', 0) = and {z, 1) = {z', 1) = 1 for any z, z' G Z. 

In particular, Glob*°^(0) is the multipointed space ({0, 1}, {0, 1}). 
Notation 2.2.5. If Z is a singleton, then the globe of Z is denoted by 1^°^. 

Any ordinal can be viewed as a small category whose objects are the elements of A, that 
is the ordinals 7 < A, and where there exists a morphism 7 — > 7' if and only if 7 ^ 7'. 

Definition 2.2.6. Let C be a cocomplete category. Let A be an ordinal. A A-sequence in 
C is a colimit-preserving functor X : A — > C. Since X preserves colimits, for all limit 
ordinals j < X, the induced map liin ^^_ X13 — > X-y is an isomorphism. The morphism 
Xq — > limX is called the transfinite composition of X. 
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Definition 2.2.7. A relative globular precomplex is a X-sequence of multipointed topolog- 
ical spaces X : A — > Top™' such that for any (3 < X, there exists a pushout diagram of 
multipointed topological spaces 



where the pair (Zp^dZ^) is a NDR pair of compact spaces. The morphism 

G\oh*'^{dZ0) GIob*''^'(Z;3) 
is induced by the closed inclusion dZp C Zp. 

Definition 2.2.8. A globular precomplex is a X-sequence of multipointed topological spaces 
X : X — ^ Top™ such that X is a relative globular precomplex and such that Xq = [X^,X^) 
with X^ a discrete space. 

Let X be a globular precomplex. The 0-skeleton of limX is equal to 

Definition 2.2.9. A morphim of globular precomplexes f : X — ^ Y is a morphism of 
multipointed spaces still denoted by f from IhnX to limy. 

Notation 2.2.10. If X is a globular precomplex, then the underlying topological space of 
the multipointed space limX is denoted by \X\ and the 0-skeleton of the multipointed space 
limX is denoted by X^ . 

Definition 2.2.11. Let X be a globular precomplex. The space \X\ is called the un- 
derlying topological space of X. The set X° is called the 0-skeleton of X. The family 
{dZp, Zp,(f)p)p^x is called the globular decomposition of X. 

As set, the topological space X is by construction the disjoint union of X^ and of the 
\Gloh''^{Z^\dZp)\\{0,l}. 

Definition 2.2.12. Let X be a globular precomplex. A morphism of globular precomplexes 
7 : / — > X is a non-constant execution path of X if there exists to = < ti < ■ ■ ■ < 
tn = I such that: 

(1) 7(ti) G XO for any i 

(2) j{]ti,ti+i[) C Gloh*'^{Zp.\dZp.) for some {dZp., Zj^.) of the globular decomposition 
ofX 

(3) for ^ i < n, there exists zl^ £ Zp^\dZp. and a strictly increasing continuous 
map ipl^ : — > [0,1] such that ipl^iti) = and tpl^{ti+i) = 1 and for any 

te[ti,ti+i],j{t) = {z\,^pi^{t)). 

In particular, the restriction 7 \]t^^ti+i[ 0/7 to ]ti,ti-^.l[ is one-to-one. The set of non- constant 
execution paths of X is denoted by P®^(X). 

Definition 2.2.13. A morphism of globular precomplexes f : X — > Y is non-decreasing 
if the canonical set map Top([0, 1], — > Top([0, 1], |y |) induced by composition by f 
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TIME 



Figure 1. Symbolic representation of Glob*°^(X) for some compact topo- 
logical space X 



yields a set map F'^^(X) — > F'^^{Y). In other terms, one has the commutative diagram of 
sets 



Top([0,l],|X|) 



Top([o,i],|y| 



Definition 2.2.14. A globular complex (resp. a relative globular complex^ X is a globular 
precomplex (resp. a relative globular precomplex) such that the attaching maps (pp are non- 
decreasing. A morphism of globular complexes is a morphism of globular precomplexes which 
is non- decreasing. The category of globular complexes together with the morphisms of glob- 
ular complexes as defined above is denoted by glTop. The set glTop(X, y) of morphisms 
of globular complexes from X to Y equipped with the Kelleyfication of the compact-open 
topology is denoted by glTOP(X, y). 

Forcing the restrictions 7 to be one-to-one means that only the "stretched situa- 

tion" is considered. It would be possible to build a theory of non-stretched execution paths, 
non-stretched globular complexes and non-stretched morphisms of globular complexes but 
this would be without interest regarding the complexity of the technical difficulties we 
would meet. 

Definition 2.2.15. Let X be a globular complex. A point a of X^ such that there are 
no non- constant execution paths ending to a (resp. starting from a) is called initial state 
(resp. final state More generally, a point of X^ will be sometime called a state as well. 

A very simple example of globular complex is obtained by concatenating globular com- 
plexes of the form Glob*°P(Zj ) for 1 ^ i ^ n by identifying the final state 1 of Glob*°^(Zj) 
with the initial state of Glob*°P(Zj+i). 

Notation 2.2.16. This globular complex will be denoted by 

Glob*°^'(Zi) * Glob*°^'(Z2) * ■ ■ ■ * Gloh^"P{Zn) 
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2.4. Globular CW-complex. Let n ^ 1. Let D" be the closed n-dimensional disk defined 
by the set of points (xi , . . . , Xn) of M" such that + • • • ^ 1 endowed with the topology 
induced by that of M". Let S"~^ = 5D" be the boundary of for n ^ 1, that is to say 
the set of (xi, . . . ,x„) E D" such that + • ■ ■ + = 1. Notice that is the discrete 
two-point topological space {— 1,+1}. Let D*^ be the one-point topological space. Let 
be the empty space. 

Definition 2.2.17. [(tCtOSI A globular CW-complex X is a globular complex such that its 
globular decomposition {dZjj, Z^, (pi3)is<:\ satisfies the following properties. There exists a 
strictly increasing sequence (Kn)n^o of ordinals with kq = 0, sup„^o k„ = A, and such that 
for any n ^ 0, one has the following fact: 

(1) for any Pe[Kn,Kn+il = (D",S"-i) 

(2) one has the pushout of multipointed topological spaces 

U..K,.„,,[Glob*°^(S"-i)^X.„ 



U,.[.„,«„,,[Glob*°^(D") 

where (pn is the morphism of globular complexes induced by the (pp for [j G 

The full and faithful subcategory o/glTop of globular CW-complexes is denoted by glCW. 

Notice that we necessarily have lini ^^ = X 

One also has: 

Proposition 2.2.18. |GG03j The Globe functor X ^ G\oh^°^{X) induces a functor from 
the category of CW-complexes to the category of globular CW-complexes. 

3. MORPHISMS OF GLOBULAR COMPLEXES AND COLIMITS 

The category of general topological spaces is denoted by T. 

Proposition 2.3.1. The inclusion of sets i : glTOP(X,y) — > TOP(|X|,|y|) is an 
inclusion of topological spaces, that is glTOP(X, y) is the subset of morphisms of globu- 
lar complexes of the space TOP(|X|, |y|) equipped with the Kelleyfication of the relative 
topology. 

Proof. Let Cop(|X|, |Y|) be the set of continuous maps from \X\ to \Y\ equipped with the 
compact-open topology. The continuous map 

glTop(X,y) n Cop(|X|, |Y|) Cop(|X|, [Y|) 

is an inclusion of topological spaces. Let f : Z ^ A;(Cop(|X|, |Y|)) be a continuous map such 
that f{Z) C glTop(X, Y) where Z is an object of Top and where k{—) is the Kelleyfication 
functor. Then / : Z — > Cop(|X|, |Y|) is continuous since the Kelleyfication is a right adjoint 
and since Z is a A;-space. So / induces a continuous map Z glTop(X, Y) n Cop(|X| , |Y|), 
and therefore a continuous map 

Z — > A;(glTop(X,y) n Cop(lX|, |Y|)) ^ glTOP(X, Y). 

□ 
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Proposition 2.3.2. Let (Xi) and (Yi) be two diagrams of objects of T . Let f : {Xi) — > 
{Yi) be a morphism of diagrams such that for any i, fi : Xi — > Yi is an inclusion of 
topological spaces, i.e. fi is one-to-one and Xi is homeomorphic to f{Xi) equipped with 
the relative topology coming from the set inclusion f{Xi) C Y^. Then the continuous map 
lim Xi — > lim Yi is an inclusion of topological spaces, the limits lim Xi and lim Yi being 
calculated in T . 

Loosely speaking, the lemma above means that the limit in T of the relative topology is 
the relative topology of the limit. 

Proof. Saying that Xi — > Yi is an inclusion of topological spaces is equivalent to saying 
that the isomorphism of sets 

T{Z,Xi) ^ {/ G T{Z,Yi)-f{Xi) c Yi) 

holds for any i and for any object Z of T. But like in any category, one has the isomorphism 

of sets 

lim r(Z, Xi) ^ r(Z, lim Xi) 

and 

lhnT{Z,Yi) ^ T{Z,limYi). 

Using the construction of limits in the category of sets, it is then obvious that the set 
T{Z, lim Xi) is isomorphic to the set 

{f emnT{z,Yiy,f,{Xi)eYi} 

for any object Z of T. Hence the result. □ 
Theorem 2.3.3. Let X be a globular complex with globular decomposition 

{dZi^, Zji, (t)p)i3<\. 
Then for any limit ordinal (3 ^ X, one has the homeomorphism 

glTOP(X^,C/) ^ limglTOP(X„,C/). 

a<l3 

And for any (3 < X, one has the pullback of topological spaces 

glTOP(X^+i, C/) glTOP(Glob*°^'(Z^), U) 



glTOP(X^, U) glTOP(Glob*''P(aZ^), U) 

Proof. One has the isomorphism of sets 

glTop(X^, U) ^ lim gITop(X„, U) 

and the pullback of sets 

glTop(X^+i, [/) ^ glTop(Glob*°f (Z^), U) 



glTop(X;3, U) glTop(Glob*°P(5Z^), U) 
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One also has the isomorphism of topological spaces 

TOP(|X^|, \U\) ^ lim TOP{\Xa\, \U\) 

a<l3 

and the pullback of spaces 

TOP(|X^+i|, 1^1) ^ TOP(|Glob*°P(Z;3)|, \U\) 



TOPdX^I, \U\) TOP(|Glob*"P(5Z^)|, \U\) 

The theorem is then a consequence of ProDosition l2.3.!2l of Proposition 12.3. J) and of the fact 
that the Kelleyfication functor is a right adjoint which therefore preserves all limits. □ 

Proposition 2.3.4. Let X and U be two globular complexes. Then one has the homeo- 
morphism 

glTOP(X, U)?^ □ {/ G glTOP(X, [/), f = </.}. 

4>:X0 >l/0 

Proof. The composite set map 

glTOP(X, U) TOP(X, U) — > TOP(X°, C/°) 

is continuous and TOP(X'^, U^) is a discrete topological space. □ 

Let X be a globular complex. The set P^^X of non-constant execution paths of X can 
be equipped with the Kelleyfication of the compact-open topology. The mapping P^^ yields 
a functor from glTop to Top by sending a morphism of globular complexes / to 7 i-^ / o 7. 

Definition 2.3.5. A globular subcomplex X of a globular complex Y is a globular complex 
X such that the underlying topological space is included in the one of Y and such that the 
inclusion map X CY is a morphism of globular complexes. 

Proposition 2.3.6. Let X be a globular complex. Then there is a natural isomorphism of 
topological spaces glTOP(7*"P, X) ^ P^^X. 

Proof. Obvious. □ 

Proposition 2.3.7. Let Z be a topological space. Then one has the isomorphism of topo- 
logical spaces P«^XGlob*°P(Z)) x glTOP(7*°P, 

Proof. There is a canonical inclusion 

P^^XGlob*°P(Z)) c TOP([0, 1], Z X [0, 1]). 

The image of this inclusion is exactly the subspace of 

/ = (/i,/2)GTOP([0,l],Zx[0, 1]) 

such that /i : [0, 1] — > Z is a constant map and such that /2 : [0, 1] — > [0, 1] is a 
non-decreasing continuous map with /2(0) = and /2(1) = 1. Hence the isomorphism of 
topological spaces. □ 
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4. S-HOMOTOPY IN glTop 

4.1. S-homotopy in glTop. We now recall the notion of S-homotopy introduced in |GG03| 
for a particular case of globular complex. 

Definition 2.4.1. Two morphisms of globular complexes f and g from XtoY are said S- 
homotopic or S-homotopy equivalent if there exists a continuous map H : [0, 1] x X — > Y 
such that for any u E [0, 1], H.^ = H{u, —) is a morphism of globular complexes from X to 
Y and such that Hq = f and Hi = g. We denote this situation by f ~5 g. 

Proposition 12.3.51 justifies the following definition. 

Definition 2.4.2. Two execution paths of a globular complex X are S-homotopic or S- 
homotopy equivalent if the corresponding morphisms of globular complexes from I to X 
are S-homotopy equivalent. 

Definition 2.4.3. Two globular complexes X and Y are S-homotopy equivalent if and only 
if there exists two morphisms o/glTop / : X — > Y and g : Y — ^ X such that fog Idy 
and g o f ~5 Idx ■ This defines an equivalence relation on the set of morphisms between 
two given globular complexes called S-homotopy. The maps f and g are called S-homotopy 
equivalence. The mapping g is called a S-homotopic inverse of /. 

4.2. Pairing Kl between a compact topological space and a globular complex. 

Let [/ be a compact topological space. Let X be a globular complex with the globular 
decomposition {dZp., Z^, 4>p)i3<,\. Let {U M X)q := {X^,X^). If Z is any topological space, 
let U m Glob*"P(Z) := Glob*°P(C/ x Z). 

If (Z, dZ) is a NDR pair, then the continuous map i : [0, 1] x dZ U {0} x Z — > [0, 1] x Z 
has a retract r : [0, 1] x Z — > [0,l]xdZU{0}x Z. Therefore z x Id[/ : [0,l]x dZ xUU{0} x 
ZxU — > [0, l]xZxC/ has a retract rxldf/ : [0,l]xZxC/ — > [0, 1] x 5Z x C/U{0} x Z x [/. 
Therefore {U x Z,U x dZ) is a NDR pair. 

Let us suppose {U M X)p defined for an ordinal {3 such that (3 -\- 1 < \ and assume that 
{U M X)p has the globular decomposition {U x dZ^, U x Z^,ip^)^^p. From the morphism 
of globular complexes (pp : Glob*°^(5Z^) — > Xp, one obtains the morphism of globular 
complexes V'/j : Glob*°^(C/ xdZp) — > {U^X)p defined as follows: an element (/>/3(z) belongs 
to a unique Zy\dZ^. Then let '4}p{u,z) = (n, Then let us define {UMX)pj^i by the 
pushout of multipointed topological spaces 

U K Glob*°P(aZ^) —-^ UMXp 



U m Glob*°P(Z^) ^ UMX, 



/3+1 



Then the globular decomposition of {U Kl X)p^i is {U x dZ^, U x Z^,tlj^)^^p 



is a limit ordinal, let {U M X] 



/3 



lim (U I 

^M</3^ 



1. If /3 ^ A 
X)^ as multipointed topological spaces. 



Proposition 2.4.4. Let U be a compact space. Let X be a globular complex. Then the 
underlying space \U M X\ of U M X is homeomorphic to the quotient of U x \X\ by the 
equivalence relation making the identification {u,x) = {u',x) for any u,u' €zU and for any 
x € X^ and equipped with the final topology. 
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Proof. The graph of this equivalence relation is AU x |X| x |X| C U x U x \X\ x \X\ 
where AU is the diagonal of U. It is a closed subspace of U x U x \X\ x \X\. Therefore 
the quotient set equipped with the final topology is still weak Hausdorff, and therefore 
compactly generated. It then suffices to proceed by transfinite induction on the globular 
decomposition of X. □ 

The underlying set of UMX is then exactly equal to X^U{U x {X\X^)). The point {u, x) 
with X G X\X^ will be denoted also hy uMx. If x S X^, then by convention u^x = u' ^x 
for any u, u' € [0, 1]. 

Proposition 2.4.5. Let U and V be two compact spaces. Let X be a globular complex. 
Then there exists a natural morphism of globular complexes {U x V) M X = U M (V M X). 

Proof. Transfinite induction on the globular decomposition oi X. □ 

4.3. Cylinder functor for S-homotopy in glTop. 

Proposition 2.4.6. Let f and g be two morphisms of globular complexes from X to Y . 
Then f and g are S-homotopic if and only if there exists a continuous map 

^GTop([0,l],glTOP(X,y)) 

such that h{0) = f and h(l) = g. 

Proof. Suppose that / and g are S-homotopic. Then the S-homotopy H yields a continuous 
map 

/iGTop([0,l] X ^Top([0,l],TOP(|Xl,|yl)) 
by construction, and h is necessarily in 

Top([0,l],glTOP(X,y)) 

by hypothesis. Conversely, if 

/iGTop([0,l],glTOP(X,y)) 
is such that h{0) = f and /i(l) = g, then the isomorphism 

Top([0,l],TOP(|X|,|y|)) ^Top([0,l] X \X\,\Y\) 
provides a map H € Top([0, 1] x \X\, \Y\) which is a S-homotopy from f to g. □ 

Theorem 2.4.7. Let U be a connected non-empty topological space. Let X and Y be two 
globular complexes. Then there exists an isomorphism of sets 

gITop(f7 ^X,Y)^ Top(f7, glTOP(X, Y)). 

Proof. If X is a singleton (this implies in particular that X = X^), then U M X = X . So 
in this case, glTop(;7 MX,Y) ^ Top(C/, glTOP(X, y)) ^ Y^ since U is connected and 
non-empty and by Proposition I2.3.fl Now if X = Glob*°^(Z) for some compact space Z, 
then 

glTop(C/ MX,Y)^ glTop(Glob*°P(Z xU),Y) 
and it is straightforward to check that the latter space is isomorphic to 

Top([/, glTOP(Glob*°P(Z), y)). 
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Hence the isomorphism 

glTop(C/ mX,Y)^ Top{U, glTOP(X, Y)) 

if X is a point or a globe. 

Let {dZj3, Zp, 4'i3)i3<\ be the globular decomposition of X. Then one deduces that 

glTop((C/ M X)p, Y) ^ Top(?7, glTOP(X^, y)). 

for any (3 by an easy transfinite induction, using the construction oi U M X and Theo- 
rem iSSl □ 

Definition 2.4.8. Let C he a category. A cylinder is a functor I : C — > C together with 
natural transformations io,ii '■ Idc — > I and p : I — > Idc such that p o i^ and p o ii are 
the identity natural transformation. 

Corollary 2.4.9. The mapping X i-^ [0, 1] Kl X induces a functor from glTop to itself 
which is a cylinder functor with the natural transformations : {i} M — — > [0, 1] Kl — 
induced by the inclusion maps {i} C [0, 1] for i € {0, 1} and with the natural transformation 
p : [0,1] M — — > {0} M — induced by the constant map [0,1] — > {0}. Moreover, two 
morphisms of globular complexes f and g from X to Y are S-homotopic if and only if there 
exists a morphism of globular complexes H : [0, 1] Kl X — > Y such that H o cq = f and 
H o ei = g. Moreover cqo H ~5 Id and ei o H Id. 

Proof. Consequence of Proposition 12.4.61 and Theorem [2.4.71 □ 

5. Conclusion 

We are now ready for the construction of the functor cat : glTop — > Flow. 

Part 3. Associating a flow with any globular CW-complex 

1. Introduction 

After a short reminder about the category of flows in Section [21 the functor cat : 
glTop — > Flow is constructed in Section |31 For that purpose, the notion of quasi-flow is 
introduced. Section Incomes back to the case of flows by explicitely calculating the pushout 
of a morphism of flows of the form Glob(OZ) — > Glob(Z). This will be used in Section [51 
and in Part [SI Section [51 proves that for any globular complex X, the natural continuous 
map F^°PX — > FX has a right hand inverse ix : FX — > P*°pA (Theorem IIO:^ . The 
latter map has no reason to be natural. 

2. The category of flows 

Definition 3.2.1. |Gaun3d] A flow X consists of a topological space FX, a discrete space 
X^ , two continuous maps s and t from FX to X^ and a continuous and associative map 
* : {{x, y) £FX X FX; t{x) = s{y)} — > FX such that s{x * y) = s{x) and t{x * y) = t{y). 
A morphism of flows f : X — > Y consists of a set map f^ : X^ — > Y^ together with 
a continuous map Ff : FX — > FY such that f{s{x)) = s{f{x)), f{t{x)) = t{f{x)) and 
f{x * y) = f{x) * f{y). The corresponding category is denoted by Flow. 
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The continuous map s : ¥X — ^ X is called the source map. The continuous map 
t:FX — > X° is called the target map. One can canonically extend these two maps to the 
whole underlying topological space X^ U FX of X by setting s{x) = x and t{x) = x for 
X G X^. 

The topological space X^ is called the ^-skeleton of X^. The 0-dimensional elements of 
X are called states or constant execution path. 

The elements of FX are called non- constant execution path. If 71 and 72 are two non- 
constant execution paths, then 71 * 72 is called the concatenation or the composition of 71 
and 72. For 7 G FX, 5(7) is called the beginning of 7 and ^(7) the ending of 7. 

Notation 3.2.2. For a,/3 G let F^^pX be the subspace of FX equipped the Kelley- 
fication of the relative topology consisting of the non-constant execution paths of X with 
beginning a and with ending (3. 

Definition 3.2.3. |Gaun3d] Let Z be a topological space. Then the globe of Z is the flow 
Glob(Z) defined as follows: Glob(Z)0 = {0, 1}, PGlob(Z) = Z, s{z) = 0, t{z) = 1 for any 
z ^ Z and the composition law is trivial. 

Definition 3.2.4. |Gaun3d| The directed segment I is the flow defined as follows: I ^ = 
{0, 1}, p7 = {[0, 1]}, s = and t = 1. 

Definition 3.2.5. Let X be a flow. A point a of X^ such that there are no non-constant 
execution paths 7 such that t{'j) = a (resp. 5(7) = a) is called initial state (resp. final 
state). 

Notation 3.2.6. The space FLOW(X, Y) is the set Flow(X, Y) equipped with the Kel- 
leyfication of the compact-open topology. 

Proposition 3.2.7. i^ |Gaun3d] Proposition 4-15) Let X be a flow. Then one has the 
following natural isomorphism of topological spaces FX = FLOW( / ,X). 

Theorem 3.2.8. ^ |(;a,un3dj Th eorem 4. 11) The category Flow is complete and cocomplete. 
In particular, a terminal object is the flow 1 having the discrete set {0, u} as underlying 
topological space with 0-skeleton {0} and with path space {u}. And the initial object is the 
unique flow having the empty set as underlying topological space. 

Theorem 3.2.9. fjGauQMl Theorem 5.10) The mapping 

{X,Y) ^ FLOW{X,Y) 

induces a functor from Flow x Flow to Top which is contravariant with respect to X and 
covariant with respect to Y . Moreover: 

(1) One has the homeomorphism 

FLOW(limXi,y) ^ limFLOW(Xi, y) 

i i 

for any colimit lira . Xj in Flow. 

^The reason of this terminology: the 0-skeleton of a flow will correspond to the 0-skeleton of a globular 
CW-complex by the functor cat ; one could define for any 1 the n-skeleton of a globular CW-complex 
in an obvious way. 
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(2) For any finite limit lim^ Xi in Flow, one has the homeomorphism 
FLOW(X,limy,) ^ limFLOW(X,yi). 

i i 

3. The functor cat from glTop to Flow 

The purpose of this section is the proof of the following theorems: 

Theorem 3.3.1. There exists a unique functor cat : glTop — > Flow such that 

(1) if X = X^ is a discrete globular complex, then cat{X) is the achronal flow X^ 
( "achronal" meaning with an empty path space) 

(2) for any compact topological space Z, cat(Glob*°^(Z)) = Glob(Z) 

(3) for any globular complex X with globular decomposition {dZp, Zp,(j)p)p^x, for any 
limit ordinal (3 ^ \, the canonical morphism of flows 

lim cat{Xa) — > cat{Xp) 

a<l3 

is an isomorphism of flows 

(4) for any globular complex X with globular decomposition {dZp, Zp,(j)p)p^\, for any 
P < X, one has the pushout of flows 

G\oh{dZp) cat{Xp) 



Glob(Z^) -cat(X^+i) 

Notation 3.3.2. Let M be a topological space. Let 71 and 72 be two continuous maps from 
[0, 1] to M with 7i(l) = 72(0). Let us denote by 71 72 (with < a < the following 
continuous map: ifO ^t ^ a, (7i*a72)(i) = 7i(^) and ifa^t^ 1, (7i*a72)(i) = 72(i5^)- 

Let us notice that if 71 and 72 are two non-constant execution paths of a globular complex 
X, then 71 *a 72 is a non-constant execution path of X as well for any < a < 1. 

Notation 3.3.3. If X is a globular complex, let FX := Fcat{X). 

Theorem 3.3.4. The functor cat : glTop — > Flow induces a natural transformation 
p : P^^' — > P characterized by the following facts: 

(1) if X = Glob*°^(Z), then PGiob*°p{Z)(* (-2'*)) = ^ /^'^ ^'^f z ^ Z 

(2) if(f> € glTop( / / ^"^), if J is a non-constant execution path of a globular complex 
X, then px{j o (t>) = Px{l) 

(3) if 71 and 72 are two non-constant execution paths of a globular complex X, then 
Px{n *a 72) = Pxili) * Px{l2) for any < a < I. 

Proof. See Theorem 13.3.111 □ 
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3.1. Quasi-flow. In order to write down in a rigorous way the construction of the functor 
cat , the notion of quasi-flow seems to be required. 

Definition 3.3.5. A quasi-flow X is a set (the 0-skeleton) together with a topological 
space P^^X (which can be empty) for any (a, (3) G X^ x X^ and for any a, /3, 7 € X^ x X^ x 
X^ a continuous map ]0, l[xP^^X xP^°^^X P^!^X sending (t, x, y) to x*ty and satisfying 
the following condition: if ah = c and {1 — c){l — d) =(1 — 6), then {x*ay)*bZ = x*c{y*dz) 
for any (x,y,z) € P^^X x F^^^X x ¥^"^X. A morphism of quasi-flows f : X — > Y is 
a set map f^ : X^ — > together with for any {a, f3) S X^ x X^ , a continuous map 

^a!l3^ ^/'V),9"(/3)^ ^^^^ ^^"^ ** ^ ^^^^ ** ^^y^ ^"'^ ^' ^ "'^'^ "'^y * 

corresponding category is denoted by qFlow. 

Theorem 3.3.6. |Bor94l lML98j (Freyd's Adjoint Functor Theorem) Let A and X be locally 
small categories. Assume that A is complete. Then a functor G : A — > X has a left adjoint 
if and only if it preserves all limits and satisfies the following "Solution Set Condition" . 
For each object x ^ X, there is a set of arrows ft : x — > Gai such that for every arrow 
h : X — > Ga can be written as a composite h = Gt o fi for some i and some t : — > a. 

Theorem 3.3.7. The category of quasi-flows is complete and cocomplete. 

Proof. Let X : / — > qFlow be a diagram of quasi-flows. Then the limit of this diagram is 
constructed as fohows: 

(1) the 0-skeleton is lim X'^ 

(2) let a and /? be two elements of limX'^ and let ai and Pi be their image by the 
canonical continuous map limX'' — > X(i)^ 

(3) let P5(limX) := lim^^f^Xii). 

So all axioms required for the family of topological spaces P^°^(limX) are clearly satisfied. 
Hence the completeness. 

The constant diagram functor Aj from the category of quasi-flows qFlow to the cat- 
egory of diagrams of quasi-flows qFlow^ over a small category / commutes with limits. 
It then suffices to find a set of solutions to prove the existence of a left adjoint by The- 
orem 13.3.61 Let D be an object of qFlow^ and let f : D — > AjY be a morphism in 
qFlow^. Then one can suppose that the cardinal card(y) of the underlying topological 
space y° U (U(a /3)exo ^1°^^) °f ^ lower than the cardinal M := X^ie/ card(D(i)) 
where card(Z)(i)) is the cardinal of the underlying topological space of the quasi-flow D{i). 
Then let {Zi,i £ 1} be the set of isomorphism classes of quasi-flows whose underlying topo- 
logical space is of cardinal lower than M. Then to describe {Zi,i € /}, one has to choose a 
0-skeleton among 2^ possibilities, for each pair (a, /3) of the 0-skeleton, one has to choose 
a topological space among 2*^ x 2^^*^^ possibilities, and maps *t among (2*^*^^^^^*^))^^*^°) 
possibilities. Therefore the cardinal card(/) of / satisfies 

card(/) ^ 2*^ X M X M X 2^' x 2(2*') x (2(A'/xAfxM))(2«o) 



so the class / is actually a set. Therefore the class IJ.gj qFlow(L', A/(Zi)) is a set as 
well. □ 
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There is a canonical embedding functor from the category of flows to that of quasi-flows 
by setting *t = * (the composition law of the flow). 

3.2. Associating a quasi-flow with any globular complex. 

Proposition 3.3.8. Let M be a topological space. Let 71 and 72 be two continuous maps 
from [0, 1] to M with 72(1) = 7i(0). Let 73 : [0, 1] — > M be another continuous map with 
72(1) = 73(0). Assume that a,b,c,d €]0, 1[ such that ab = c and (1 — c)(l — d) = (1 — b). 
Then (71 *a I2) *b 73 = 7i *c (72 *d 73)- 

Proof. Let us calculate ((71 *a 72) *b 73)(*)- There are three possibilities: 
{1) O^t^ ab. Then ((71 *„ 72) 73) W = 7i(^)- 

(2) ab^t^b. Then ((71 72) 73)(t) = 72(fe) = 72(4t^) 

(3) 6 ^ t ^ 1. Then ((71 72) h 73)(t) = 73(t5^) 

Let us now calculate (71 *c (72 *d 73))(0- There are again three possibilities: 

(1) < t ^ c. Then (71 (72 *d 73))(t) = 7i(^) 

(2) ^ ^ d, or equivalently c ^ t ^ c + - c). Then (71 *c (72 *d 73))(*) = 
72(3^^) 

(3) d ^ ^ 1, or equivalently c + d(l - c) ^ f ^ 1. Then (71 *c (72 *d 73))(i) = 

t — C 1 

( \ / t—c—di\—c) \ 

73(^rrf-) =73( (i_rf)(\_,/ )- 

From (1 — c)(l — d) = (1 — 6), one deduces that 1 — c — (1 — 6) = d(\ — c), so d(\ — c) = 
b — c = b — ab = 6(1 — a). Therefore d{l — c) = 6(1 — a). So c + (i(l — c) = 6. The last two 
equalities complete the proof. □ 

Proposition 3.3.9. Let X be a globular complex. Let qcat{X) := and 

¥'^pqcat{X) :=P^^X 

for any {a,P) € X^ x X^. This defines a functor qcat : glTop — > qFlow. 

Proof. Immediate consequence of Proposition 0.3.81 □ 

Proposition 3.3.10. Let X be a globular complex with globular decomposition 

{dZp, Zfi, 4>i3)i3<\- 

Then: 

(1) for any (3 < \, one has the pushout of quasi-flows 

qcat{G\oh*"P{dZp)) ''-^^^ qcat{Xfi) 



qcat{G\oh^°P{Zp)) ^ qcat[Xp+i 



(2) for any limit ordinal (3 < \, the canonical morphism of quasi-flows 

lim qcat{Xa) — > qcat{Xp) 

a<l3 

is an isomorphism of quasi-flows 
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Proof. The first part is a consequence of Proposition IH.H.Rl For any globular complex X, 
the continuous map — > is a Hurewicz cofibration, and in particular a closed 

inclusion of topological spaces. Since [0, 1] is compact, it is Ko-small relative to closed 
inclusions of topological spaces |Hov99j . Since /? is a limit ordinal, then P ^ Yf.Q. Therefore 
any continuous map [0, 1] — > factors as a composite [0, 1] — > Xa — > Xp for some 
a < p. Hence the second part of the statement. □ 



3.3. Construction of the functor cat on objects. Let X be a globular complex with 
globular decomposition (dZ^, Zp, cj)p)j3^x. We are going to construct by induction on /? a 
flow cat{Xp) and a morphism of quasi- flows : qcat{Xp) — > cat^Xj^). 

There is nothing to do if X = Xq = {X^,X^) is a discrete globular complex. If X = 
Glob*°P(Z), then qcat{Xf = {0,1} and 

Pggcai(X) = Z X glTOP(7*°P, 

by Proposition 12.3.71 The projection ¥^Q^qcat{X) — > Z yields a morphism of quasi-flows 
px '■ qcat{X) — > cat{X). 

Let us consider the pushout of multipointed spaces 

Glob*°P(9Z^) Xp 



Glob*''f (Z^) X^+i 



Let us suppose px/^ ■ qcat{Xf^) — > cat{Xp) constructed. Let us consider the set map 
iz '■ Z — > P^^Glob*°^(Z') defined by iz{z){t) = {z,t). It is continuous since it corresponds, 
by the set map Top(Z, P^^Glob*°P(Z)) — > Top(Z x [0, 1], |Glob*°P(Z)|), to the continuous 
map {z,t) I— > {z,t). The composite 

aZ^^!!lpe^Glob*°^' (dZp) ^P*°P(Xff) . FXf3 

yields a morphism of flows cat{(f)p) : G\oh{dZf^) — > cat{Xp). Then let cat^XjSj^i) be the 
flow defined by the pushout of flows 

Glob(9Z^) cat{Xp) 
Glob(Z^) ^cat{Xp+i] 

The morphisms of quasi-flows 

qcat{Xp) — > cat{Xp) 

and 

qcat{G\oh^°P{Zp)) cat(Glob*°P(Z^)) 
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induce a commutative square of quasi-flows 

qcat{G\oh^°P{dZp)) ^ cat(X^) 
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qcat{Gloh*"P{Zp)) cat{Xp+i) 

and therefore a morphism of quasi-flows PXp+i '■ 9cat(X^+i) — > cat{X^^i). If /3 is a 
limit ordinal, then cat{Xa) and the morphism of flows pxa '■ qcat{Xa) — > cat{Xa) are 
defined by induction hypothesis for any a < /S. Then let cat{X^) := liin^^^ cat{Xa) and 

3.4. Construction of the functor cat on arrows. Let / : X — > U he a morphism of 
globular complexes. The purpose of this section is the construction of cat{f) : cat{X) — > 
cat{U). 

If X = X^, then there is nothing to do since the set map glTop(X, U) — > Flow(X, U) 
is just the identity of Set(X°, U^). 

If X = Glob*°P(Z) for some compact space Z, let / : Glob*°P(Z) — > U he a morphism 
of globular complexes. Let cat{f) = pu ° Qcat{f) o i^. Then the mapping / i-^ cat{f) yields 
a set map glTop(Glob*°P(Z), [/) — > Flow(Glob(Z), cat(C/)). 

Take now a general globular complex X with globular decomposition 

{dZjs, Zp, (t>fi)p<\- 
Using Theorem 12.3.31 and Theorem 13.2.91 one obtains a set map 

glTop(X/3, U) — > ¥\o^N{cat{Xp),cat{U)) 
and by passage to the limit, a set map 

cat : glTop(X,;7) — > Flow{cat{X),cat{U)). 

3.5. Functoriality of the functor cat. 

Theorem 3.3.11. The mapping cat{—) becomes a functor from glTop to Flow. The 

mapping px '■ qcat{X) — > cat{X) yields a natural transformation p : qcat — > cat. The 
mapping px '■ — > ¥X yields a natural transformation p : P*"*^ — > P. 

Proof. Let U and V he two topological spaces. Let h : U — > F be a continuous map. Let 
Z he a topological space. Then the following diagram is clearly commutative: 

glTop(Glob*°P(Z), Glob*''P(C/)) Flow(Glob(Z), Glob([/)) 

w y 

glTop(Glob*°P(Z), Gloh^°P{V)) Flow(Glob(Z), Glob(F)) 

where the horizontal maps are both defined by the above construction and where the 
right vertical map Flow(Glob(Z), Glob(C/)) — > Flow(Glob(Z), Glob(y)) is induced by 
the composition by Glob(/i). 
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So for any morphism h : U — V of globular complexes and for any topological space 
Z, one has the following commutative diagram 

glTop(Glob*"P(Z), U) Flow(Glob(Z), cat{U)) 



glTop(Glob*°P(Z), V) — ^ Flow(Glob(Z), cat(y)) 

where both horizontal maps are defined by the above construction and where the right 
vertical map Flow(Glob(Z), cat(U)) — > Flow (Glob (Z), cat(y)) is induced by the compo- 
sition by cat{h) € Flow(cat(C/), cat(F)) = lim Flow (cat (L^g), cat{V)). Indeed locally, we 
are reduced to the situation of the first square. 

Take now a general globular complex X with globular decomposition 

(5Z/3, Z/3, 0/3)/3<A- 

Then using Theorem 12.3.31 and Theorem 13.2.91 one immediately proves by transfinite in- 
duction on 13 that the diagram 

glTop(X^, U) ¥\o^{cat{Xii),cat{U)) 

glTop(X^, V) Flow(cat(X^), cat{V)) 

is commutative for any ordinal (3 < \. So one obtains the following commutative diagram 

glTop(X, U) ¥\ovj{cat{X),cat{U)) 

glTop(X, V) Flow(cat(X), cat(y)) 

where both horizontal maps are defined by the above construction and where the right 
vertical map Flow(Glob(Z), cat{U)) — > Flow(Glob(Z), cat{V)) is induced by the compo- 
sition by cat{h) G ¥\aw{cat{U),cat{V)) = lim Flow(cat([//3), cat(y)). This is exactly the 
functoriality of cat{—). 

By specializing the second square to Z = {*} and by Proposition 12.3.61 and Proposi- 
tion 1223 one obtains the commutative square of topological spaces 



Pu 



Pv 

ptopy ^ 



□ 
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4. PusHOUT OF Glob(5Z) — ^ Glob(Z) in Flow 
Let dZ — > Z he a continuous map. Let us consider a diagram of flows as follows: 

G\oh{dZ) A 

Glob(Z) 

This short section is devoted to an explicit description of the pushout X in the category of 
flows. 

Let us consider the set M of finite sequences ao . . . Oj, of elements of = X^ with 1 

and such that, for any i with ^ i ^ p — 2, at least one of the two pairs (ai,ai+i) and 
(ai+i,ai+2) is equal to (^(O),0(l)). Let us consider the pushout diagram of topological 
spaces 

aZ^^F0(o),<A(i)^ 
Z 

Let Za.p = IPa,/3^ if 7^ ((/)(0), (/>(!)) and let Z^(o), (/>(!) = ^- At last, for any 

ao . . . Op G M, let [ao . . . Op] = Zau,ai x ^Q,2 X ... X Zap_i,ap- And [ao • • • o;p]i denotes 
the same product as [ao . . . Op] except that (aj,ai+i) = {(l){0) , (p{l)) and that the factor 
Zai,ai+i = T IS replaced by P^(o)^(^(i)^. That means that in the product [ao . . . ap]i, the 
factor P^('o),0(i)^ appears exactly once. For instance, one has (with (f>{Q) 7^ ^^(1)) 

K(O)0(1)(/>(O)0(1)] = P«,^(o)A X T X P0(i),0(o)A X r 
[«0(O)0(l)(/)(O)0(l)]i = Pa,^(o)A X P<^(o),<^(i)^ X P0(i),^(o)^ X r 

K(O)0(1)0(O)0(1)]3 = Pa,0(O)^ X T X P^(l),^(0)^ X P<^(0),^(1)A. 

The idea is that in the products [ao . . . ap], there are no possible simplifications using the 
composition law of A. On the contrary, exactly one simplification is possible using the 
composition law of A in the products [ckq . . .apji- For instance, with the examples above, 
there exist continuous maps 

K(o)</>(i)0(o)</>(i)]i K(o)</.(i)] 

and 

[a</.(o)0(i)</>(o)0(i)]3 [ammm] 

induced by the composition law of A and there exist continuous maps 

[«</.(o)0(i)</>(o)0(i)]i [ammmm] 

and 

induced by the continuous map P<^(o),0(i)A — > T. 

Let Wa^pM be the colimit of the diagram of topological spaces consisting of the topological 
spaces [ao • • • ctp] and [ao . . . with ao = a and ap = (5 and with the two kinds of maps 
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above defined. The composition law of A and tlie free concatenation obviously gives a 
continuous associative map Pq^^M x P^^^M — > ¥a,-yM. 

Proposition 3.4.1. i^ |Gau033] Proposition 15.1) One has the pushout diagram of flows 

Glob(aZ) A 



Glob(Z) U M 

5. Geometric realization of execution paths 

Proposition 3.5.1. Let Z be a compact topological space. Let f and g be two morphisms 
of globular complexes from Glob*°^(Z) to a globular complex U such that the continuous 
maps Ff and Fg from Z to FU are equal. Then there exists one and only one map (p : 
|Glob*°P(Z)| — > [0,1] such that 

fiiz,t))=F'''Pg{t^iz,t)mz,t)). 

Moreover this map (j) is necessarily continuous. 

Notice that the map (p '• Glob*°^(Z) — > [0, 1] induces a morphism of globular complexes 
from Glob*°P(Z) to 7*°^. 

Proof By hypothesis, the equality P*°p/([0, 1]) = F^^Pg^O, 1]) holds. For a given zq G Z, if 
{0 = to < • • • < tp = 1} = F'"Pf{t ^ (zo,t))([0, 1]) n f/0 

and 

{0 = < . . . < t; = 1} = p*°P5(t ^ (zo,t))([o, 1]) n 

then necessarily (j){zQ,ti) = t'- for ^ i ^ p. For t €]tj,ti+i[, the map 

F''^g{t^M)\^t.^,.^^y 
is one-to-one by hypothesis. Therefore for t tj+i [, P*°P/(t ^ [zQ,t)){t) is equal to 

(P*op^(t ^ \^^,^,,^^^){F'°Pg{t ^ {zo,t)) \]t,,,^^{)-'F'^f{t ^ {zo,tm 

so necessarily one has 

0(^0, t) = {F'"Pg{t ^ {zo,t)) r]i,,i,^^[)-ip*°P/(t ^ (zo,t))(t) 

Now suppose that (p is not continuous at (-Zoo ^oo)- Then there exists an open neighborhood 
U of i?i)(zoo, too) such that for any open 1/ containing (zoo, ^oo); for any(2:,t) € V\{{zoo , too)} , 
(j){z, t) ^ U. Take a sequence {zn,tn)n'^o of y tending to (2:00, ^oo)- Then there exists a sub- 
sequence of {4>{zn,tn))n^o tending to some t' G [0, 1] since [0, 1] is compact: by hypothesis 
t' is in the topological closure of the complement of U ; this latter being closed, t' ^ U. 
So we can take {zn,tn)n^o such that {4>{zn,tn))n^o converges. Then f{{zn,tn)) tends to 
/((zoo)ioo)) because / is continuous, F^°Pg{t 1— > {zn,t)) tends to F^°Pg{t (zoo,^)) for the 
Kelleyfication of the compact-open topology so /((zoo,too)) = F'^°Pg{t ^ {zoo,t)){t') with 
t' ^ U and t' = (pizoo,too) £ U : contradiction. □ 
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Theorem 3.5.2. For any globular complex X , there exists a continuous map ix '■ — > 
P*°PX such that pxoix = Idpx- 

Notice that ix cannot be obtained from a morphism of quasi-flows. Otherwise one would 
have {x *a y) *a z = x *a {y *a z) in W^°PX for some fixed o g]0, 1[, and this is impossible. 

Proof. First of aU, notice that there is an inclusion of sets Top(PX, P^^^X) C Top(PX x 
[0, 1], -^). So constructing a continuous map from ¥X to W^°^X is equivalent to constructing 
a continuous map from TX x [0, 1] to X satisfying some obvious properties, since the 
category Top of compactly generated topological spaces is cartesian closed. 

Let X be a globular complex with globular decomposition {dZj^, Zp,(f)p,)p^\. We are 
going to construct a continuous map ixfj '■ P-^/3 — >■ P*°^X^. For /9 = 0, there is nothing 
to do since the topological spaces are both discrete. Assume that ix/j ■ ^Xf^ — F*°'^Xp is 
constructed for some /3 ^ such that px^ ° ixp = Idpx^ . Let us consider the pushout of 
multipointed spaces 



Glob*°P(9Z/3) 



Xr. 



4'I3 



Glob*°P(Z^) — ^ X^+i 



Proposition 13.4. f] provides an explicit method for the calculation of PX^_|_i as the colimit 
of a diagram of topological spaces. Let us consider the pushout diagram of topological 
spaces 



/3 



%(0),</.^(l)^/3 



r; 



Constructing a continuous map FX 



/3+1 



P*°PX/3+i is then equivalent to constructing con- 



tinuous maps [ao • • • Op] — > ^^"^^p+i and [ao • • • 
aQ . . .Up oi M such that any diagram like 

[ao...ap]i -P*°PX^+i 



a 



pit 



P*°^X/3_|_i for any finite sequence 




[ao ... a 



[ao... ap] 



[ao...(Pmi'^) 




/3+1 



is commutative. 

We are going to proceed by induction on p. If p = 1, then [aooi] is equal to 1 
if (ao,ai) 7^ {(ppiO), (p/s^l)) and is equal to T if (ao,ai) = {(j)f3{0), (j)/3{l)). For p 
only thing we then have to prove is that the continuous map PX0+i '■ ^^°^X^^i — 
has the right lifting property with respect to the continuous map P^^(o),(/,^(i)X^ - 



= 1, the 
r, in 



other terms that there exists a continuous map k : T 



"^Xfj^i making commutative 
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the diagram of topological spaces 



%(0),<^^(l)-^/3 



topx^ 



/3+1 



Px 



/3+1 



■ FX, 



/3+1 

Since P^^(o)^0^(i)X/3 — > T is a pushout of a NDR pair of spaces, then the pair of spaces 
(T, P0^(Q) is a NDR pair as well. If z € Zf^, let [z]{t) = {z,t) for t G [0,1]. This 

defines an execution path of Glob*°^(Z^). Then cpf^ o [z] is still an execution path. Since 
^4>p(o),4ip (1)^(3 — r is a (closed) inclusion of topological spaces, then for any z € dZp, 
o [z\ is an execution path of Xp. By Proposition 13 . 5 . 11 and since dZ^ is compact, there 
exists a continuous map tp : dZp x [0, 1] — > [0, 1] such that 

ix,{z){t) = {J~po[z\){ij{z,t)). 

Then define k by: k{x) = ix^ix) if x G P^(o),^(i)^/3 and 

k{x){t) = {J~p O [x\){pL{x)t + (1 - m(x))V'(x, t)) 

if X G Zp\dZp. The case p = 1 is complete. 



We now have to construct [ao ... a. 



^"PXpj^i and [ao . . . 



"'PX^+i by 



induction on p ^ 1. The product [ao • • • 0(O)(/)(1) . . . a^] is of length strictly lower than p. 

Therefore the continuous map [ao • • • 0(O)(/)(1) . . . ap] — > P*°pX/3+i is already constructed. 
Then the commutativity of the diagram 




opx 



[ao . . . (I){^)(t){l) ...ap 



entails the definition of [ao . . .otp\i — > F^^^Xpj^i. It remains to prove that there exists k 
making the following diagram commutative: 



[ao . . . ap]i 



[ao... ap] 



topx 



13+1 



Px 



+ 1 



'X. 



/3+1 



Once again the closed inclusion [ao • • • a 
are three mutually exclusive possible cases: 



pn 



[ao . . . Up] is a Hurewicz cofibration. There 



(1) [ao . . . Opli = P X P^^(o),(/.^,(i)-'^/3 X Q and [uq . . . Op] = P x T x Q where P and Q 
are objects of the diagram of topological spaces calculating PX/3+1. 

(2) [ao . . . ap]i = P X P0^(o)_()i,^(i)X^ and [ao • • • ap] = P xT where P is an object of the 
diagram of topological spaces calculating FXp^i. 

(3) [ao . . . ap]i = P0^(o), 0/3(1)^/3 ^ Q and [ao • • • ap] = T x Q where Q is an object of the 
diagram of topological spaces calculating FXp^i. 
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Let us treat for instance the first case. The products P and Q are of length strictly lower 
than p. So by induction hypothesis, ixp+^ ■ P — > F*"'PXf3+i and ix^+i : Q — > F^^PXp+i 
are already constructed. For any z ^ Zp and any {p, q) £ P x Q, consider the execution 
path 

T{p,z,q) := {ixp+Ap) *i/2 (<^/3 ° N)) *i/2 ixn+Al)- 
By Proposition 13.5.11 and since dZ/^ is compact, there exists a continuous map : dP x 
Zi3 X Q X [0,1] — > [0,1] such that r{p, z, q){'ip{p, z,q,t)) = ix^ip, z,q){t). Then define k 
by: 

(1) k{p,x,q) = ix^{p,x,q){t) if x e P^(o),^(i)X^ 

(2) k{p, X, q) = r(p, z, q){n{x)t + (1 - fi{x))ij{p, x, q, t)) if x G Zfj\dZf3. 

The induction is complete. □ 

6. Conclusion 

Since the functor cat : glTop — > Flow is constructed, we are now ready to compare 
the S-homotopy equivalences in the two frameworks. 

Part 4. S-homotopy and flow 

1. Introduction 

Section 121 studies the notion of S-homotopy extension property for morphisms of globular 
complexes. This is the analogue in our framework of the notion of Hurewicz cofibration. 
This section, as short as possible, studies some analogues of well-known theorems in ho- 
motopy theory of topological spaces. The goal of Section |S1 is the comparison of the space 
of morphisms of globular complexes from a globular complex X to a globular complex U 
with the space of morphisms of flows from the flow cat{X) to the flow cat(U). It turns out 
that these two spaces are homotopy equivalent. The proof requires the careful study of two 
transfinite towers of topological spaces and needs the introduction of a model category of 
topological spaces which is not the usual one, but another one whose weak equivalences are 
the homotopy equivalences |Str66j |Str68j |Str72j . At last, Section 0] makes the comparison 
between the two notions of S-homotopy equivalences using all previous results. 

2. S-HOMOTOPY extension PROPERTY 

We first need to develop some of the theory of morphisms of globular complexes satisfying 
the S-homotopy extension property in order to obtain Corollarv 14.2.81 

Definition 4.2.1. Let i : A — > X be a morphism of globular complexes and let Y be a 
globular complex. The morphism i : A — > X satisfies the S-homotopy extension property 
for Y if for any morphism f : X — > Y and any S-homotopy h : [0,1]M A — > Y such that 
for any a A, h{OMa) = f{i{a)), there exists a S-homotopy H : [0,1]MX — > Y such that 
for any x G X, H{0 M x) = f {x) and for any {t, a) G [0, 1] x A, H{t K i{a)) = h{t M a). 

Definition 4.2.2. A morphism of globular complexes i : A — > X satisfies the S-homotopy 
extension property if i : A — > X satisfies the S-homotopy extension property for any 
globular complex Y . 
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Proposition 4.2.3. Let i : A — > X be a morphism of globular complexes. Let us consider 
the cocartesian diagram of multipointed topological spaces 



{0}^^ 



{0}MX 



[0, 1]^A 



Mi 



Then Mi inherits a globular decomposition from those of A and X. This makes the multi- 
pointed topological space Mi into a globular complex. Moreover both morphisms X — > Mi 
and [0, 1] Kl A — > Mi are morphisms of globular complexes. One even has {Mi)p = X for 
some ordinal j3 and X — > Mi is the canonical morphism induced by the globular decom- 
position of Mi. 

Proof. Let {dZp,Zp,(j)p)p<:^\ be the globular decomposition of A. Tlie morphism of multi- 
pointed spaces {0} M A — > [0, 1] Kl ^4 can be viewed as a composite 

{0} K ^ — > {0, 1}MA — > [0, 1] M A. 

The morphism of globular complexes {0} M A — > M A is the transfinite composition 

of pushouts of the morphisms Glob*°^(9Z^) — > Glob*°^(Z^) for /3 < A. The morphism 
of globular complexes {0, 1} Kl ^ — > [0, 1] Kl ^ is the transfinite composition of pushouts 
of the Glob*°''(Z^ U Zp) — > Glob*°*'([0, 1] x Zp). Therefore the morphism of multipointed 
spaces X — > Mi is a relative globular complex. So Mi has a canonical structure of globular 
complexes and both morphisms X — > Mi and [0, 1] Kl A — > Mi are morphisms of globular 
complexes. □ 

The commutative diagram of globular complexes 

{0} K A [0, l]MA 



{<d}MX 



[0, l]MX 



gives rise to a morphism of multipointed spaces ip{i) : Mi — [0, 1] Kl X. Since by Propo- 
sition 1313^21 one also has the cocartesian diagram of quasi-flows 

gcat({0} M A) gcat([0, 1] M A) 



qcat{Mi) 



X). Therefore the 



qcat{{0} M X) 

then there exists a morphism of quasi-flows qcat{Mi) — > qcat{[0, 1] 
morphism of multipointed spaces ^(z) : Mi — > [0, 1] Kl X satisfies 

ij{i)(F^°fMi) c p*°p([o, i]mx). 

So ^p{i) is a morphism of globular complexes. 

Theorem 4.2.4. Let i : A — > X be a morphism of globular complexes. Then the following 
assertions are equivalent: 
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(1) the morphism i satisfies the S-homotopy extension property 

(2) the morphism of globular complexes ip{i) has a retract r, that is to say there exists 
a morphism of globular complexes 

r : [0, 1] K X ^ ([0, 1] K A) U{o}m ({0} ^ X) 

such that r o ^{i) = Id([o,i]KA)U{o}KA({o}K^) • 

The proof is exactly the same as the one of [(^aiin.SHj Theorem 9.4. The main point is 
that the multipointed space Mi is a globular complex. 

Proof. Giving two morphisms of globular complexes / : X — > Y and h : [0, 1] Kl j4 — > Y 
such that /i(0 Ma) = f{i{a)) for any a G j4 is equivalent to giving a morphism of globular 
complexes still denoted by h from ([0,1] M A) U{o}Kyl ({0} M X) to Y. The S-homotopy 
extension problem for i has then always a solution if and only for any morphism of globular 
complexes h : ([0, 1] Kl ^4) U|o}eia ({0} ^ X) — Y, there exists a morphism of globular 
complexes H : [0, 1]MX — >Y such that Hoip{i) = h. Take Y = ([0, l]KA)U{o}m({0}^X) 
and let h be the identity map of Y. This yields the retract r. Conversely, let r be a retract 
of i. Then H := ho r is always a solution of the S-homotopy extension problem. □ 

Theorem 4.2.5. Let (Z,dZ) be a NDR pair of compact spaces. Then the inclusion of glob- 
ular complexes i : Glob*°^(9Z) — > Glob*°^(Z) satisfies the S-homotopy extension property. 

Proof. Since {Z, dZ) is a NDR pair, then the closed inclusion [0, 1] x dZ U {0} x Z — > 
[0, 1] X Z has a retract [0, 1] x Z — > [0, 1] x dZ U {0} x Z. Then the morphism of globular 
complexes Glob*°?'([0, 1] x dZU{0} xZ) — > Glob*°P([0, 1] x Z) has a retract Glob*°P([0, 1] x 
Z) — > Glob*°^'([0, 1] X U {0} X Z). Hence the result by Theorem W^JS. □ 

Theorem 4.2.6. Let U be a compact connected non-empty space. Let X and Y be two 

globular complexes. Then there exists a natural homeomorphism 

TOP(C/, glTOP(X, Y)) ^ glTOP(C/ M X, Y). 

Proof. We already know by Theorem 12 .4. 71 that there exists a natural bijection 

Top(C/, glTOP(X, Y)) ^ glTop([/ M X, Y). 

Let {dZi3, Zi3, 4>i3)p<^x be the globular decomposition of X. We are going to prove that 

TOP(C/, glTOP(X^, Y)) ^ glTOP(f/ M Xp, Y). 

Using the construction of M and Theorem l2.3.31 it suffices to prove the homeomorphism for 
X = Xq and X = Glob*°^(Z). The space glTOP(Xo, Y) is the discrete space of set maps 
Set(X'^, Y^) from X^ to Y^ . Since U is connected and non-empty, one has the homeomor- 
phism TOP(C/, glTOP(Xo, F)) ^ Set(XO,yO)_ On the other hand, glTOP([/KlXo, ^ 
glTOP(Xo,y) ^ Set(XO,yO), hence the result for Xq. At last, 

Top(VK, TOP(C/, glTOP(Glob*°P(Z), y))) 
^ Top(VF X C/,glTOP(Glob*°P(Z),y)) 
^ glTop((Ty xU)M Glob*°P(Z), Y) 
^ glTop(Glob*°P(W xU X Z),Y) 
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andTop(W,glTOP([/KGlob*°P(Z),y)) ^ Top{W, glTOP {Gloh^°P {U x Z),Y)). It is then 
easy to see that both sets glTop(Glob*''P(W" x U x Z),Y) and Top(W^, 
glTOP(Glob*°P(C/ X Z),Y)) can be identified with the same subset of Top([0,l] xW x 
U X Z,Y). Hence the result by Yoneda. □ 

Theorem 4.2.7. A morphism of globular complexes i : A — ^ X satisfies the S-homotopy 
extension property if and only if for any globular complex Y , the continuous map i* : 
glTOP(X,y) — > glTOP(^,y) is a Hurewicz fibration. 

Proof. For any topological space M, one has 

Top([0,l] X M,glTOP(A,y)) ^ Top(M,TOP([0,l],glTOP(.4,y))) 
since Top is cartesian closed. One also has 

Top(M,TOP([0, l],glTOP(A,y))) ^ Top(M, glTOP([0, 1] m A,Y)) 
by Theorem 14. 2. HI Considering a commutative diagram like 

{0} X M glTOP(X, y) 

[0, 1] X M — ^ glTOP(A, y) 
is then equivalent to considering a commutative diagram of topological spaces 

M glTOP({0} M X, Y) 



glTOP([0, 1] M A, Y) glTOP({0} M A, Y) 

Since {0} M A — > [0, 1] Kl ^4 is a relative globular complex, using again Theorem 12.3.31 
considering such a commutative diagram is equivalent to considering a continuous map 
M — > glTOP(Mi,y). Finding a continuous map k making both triangles commutative 
is equivalent to finding a commutative diagram of the form 

M glTOP(Mi, y) 

m*" 

M - - ^ glTOP{[0,l]^ X,Y) 

If i : A — > X satisfies the S-homotopy extension property, then t{j(i) : Mi — [0, 1] Kl X 
has a retract r : [0, 1] Kl X — > Mi. Then take i = cf) or. Conversely, if I exists for any M 
and any Y , take M = {0} and Y = Mi and (/)(0) = Idjv/i- Then ^(0) is a retract of il^{i). 
Therefore i : A — > X satisfies the S-homotopy extension property. □ 

Corollary 4.2.8. Let Z be a compact space and let dZ <Z Z be a compact subspace such 
that the canonical inclusion is a NDR pair. Let U be a globular complex. Then the canonical 
restriction map 

glTOP(Glob*°P(Z), U) ^ glTOP(Glob*°P(aZ), U) 
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is a Hurewicz fibration. 

3. Comparing execution paths of globular complexes and of flows 
3.1. Morphisms of globular complexes and morphisms of flows. 

Proposition 4.3.1. Let Z be a compact topological space. Let U be a globular complex. 
Consider the set map 

cat : glTop(Glob*°P(Z),C/) — > Flow(Glob(Z), cat (?7)). 

(1) The mapping 

cat : glTOP(Glob*''P(Z),C/) — > FLOW(Glob(Z), cat([/)) 

is continuous. 

(2) There exists a continuous map 

r : FLOW(Glob(Z),cat(?7)) — > glTOP(Glob*°P(Z), [/) 

such that cator = /dFLOW(Glob(Z), cat(C/)) ■ particular, this means that cat is onto. 

(3) The map rocat is homotopic to -?^dgiTOP(Giob*°p(Z) u)- -^^ particular, this means that 
glTOP(Glob*°P(Z),?7) and FLOW {Gloh{Z),cat{U)) are homotopy equivalent. 

Proof. One has 

glTOP(Glob*°P(Z),?7) c TOP(Z X [0, 1], C/) ^ TOP(Z, TOP([0, 1], C/)) 
therefore 

glTOP(Glob*''J'(Z),;7) ^ y TOP(Z,P^°^C7). 

ia,l3)£U'-^xU0 

On the other hand, 

FLOW(Glob(Z), cat(C/)) ^ |J TOP(Z,Pa,^C/). 

(a,/3)GC/OxC/o 

So the set map 

cat : glTOP(Glob*"P(Z),[/) ^ FLOW(Glob(Z), cat(C/)) 
is induced by pu which is continuous. Hence 

cat : glTOP(Glob*°P(Z), U) FLOW(Glob(Z), cat(C/)) 
is continuous. Choose a map ifj like in Theorem 13.5.21 Let 

r{(f)) G glTOP(Glob*°P(Z),C/) 
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defined by r{(j)){{z,t)) := {iu(l){z)){t). Then 

cat{r{(j))){z) =pu° P*°*'(r((/>))(t ^ {z,t)) by definition of cat{-) 

^Giob'°p(z)(^) by definition of Iqi^Yi^op^^^^ 

= Pu{r{(t}) ° «Giob*°p(z)(^)) by definition of P*°p 

= Pu{t ^ r(0)((2, t))) by definition of iGiob'°p(z) 

= pu{iu4'{z)) by definition of r(0) 

= (p(z) since pu ° iu = Id 



therefore cat{r{(p)) = (j). So the second assertion holds. One has 

(r o cat{f)){z, t) = {iu o cat{f){z)){t) by definition of r 

= (z^ opc; oP*°P(/)(t by definition of cat 

Since {ijj opu o P*°P(/)(t i-^ (z,t))) is an execution path of U by Theorem 13.5.21 since 

PU o {iu o o P*°P(/)(t ^ (z, t))) = o P*°P(/)(t ^ (z, t)) = P/(z), 

then by Proposition 13. 5 . 11 there exists a continuous map (p : Z x [0, 1] — > [0, 1] such that 

f{iz,t))=F'"P{f)it^{z,t)) = irocat{f)){z,cPiz,t)) 

Notice that for a given z G Z, the mapping t <j){z, t) is necessarily non-decreasing. Hence 
the third assertion by considering the homotopy 

H{f, u){{z, t)) = (r o cat{f)){z, t) + (1 - u)t) 

□ 

Proposition 4.3.2. (" IGauDSd l Corollary 9.9) Let Z he a compact space and let dZ C Z 
he a compact suhspace such that the canonical inclusion is a NDR pair. Let U he a flow. 
Then the canonical restriction map 

FLOW(Glob(Z), U) FLOW(Glob(aZ), U) 

is a Hurewicz fihration. 

3.2. Homotopy limit of a transfinite tower and homotopy pullback. Corollarv l4.3.6l 

and Corollary 14.3.91 are of course not new. But the author does not know where the proofs 
of these two facts can be found. So a short argumention involving Str0m's model structure 
is presented. 

Let A be an ordinal. Any ordinal can be viewed as a small category whose objects are 
the elements of A, that is the ordinal 7 < A, and where there exists a morphism 7 — 7' if 
and only if 7 ^ 7'. The notation A°^ will then denote the opposite category. Let us then 
denote by 6^°'' the category of functors from \°p to C where C is a category. An object of 
C'^°'' is called a tower. 

Proposition and Definition 4.3.3. |Hirn3j [Hov99j LetC andT> be two model categories. 
A Quillen adjunction is a pair of adjoint functors F : C T> : G between the model 
categories C and T> such that one of the following equivalent properties holds: 
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(1) if f is a cofihration (resp. a trivial cofihration) , then so does F{ f ) 

(2) if g is a fibration (resp. a trivial fihration), then so does G{g). 

One says that F is a left Quillen functor. One says that G is a right Quillen functor. 

Definition 4.3.4. |Hir03j |Hov99j An object X of a model category C is cofibrant (resp. 
fibrant ) if and only if the canonical morphism — > X from the initial object of C to X 
(resp. the canonical morphism X — > 1 from X to the final object 1) is a cofibration (resp. 
a fibration). 

Proposition 4.3.5. Let C be a model category. There exists a model structure on C^°^ 
such that the limit functor lim : C^°^ — > C is a right Quillen functor and such that the 
fibrant towers T are exactly the towers T : X"^ — > C such that Tq is fibrant and such that 
for any ordinal 7 with ^ 7 < A, the canonical morphism — > lim^ Tp is a fibration 

This proposition is proved for A = ^^:o in |GJ99j . 

Sketch of proof. For a reminder about the Reedy model structure, see |Hir03j and |Hov99j . 
With the Reedy structure corresponding to the indexing, let us calculate the latching space 
functors L^T and the matching space functors M-^T of a tower T: 

(1) if 7 + 1< A, then L^T = T^+i 

(2) if 7 + 1 = A, then L^T = (the initial object of C) 

(3) for any 7 < A, M^T = hm^^^ Tp 

So a morphism of towers T — > T' is a cofibration for the Reedy model structure if and 
only if 

(1) for 7 + 1 < A, the morphism T-y ^T^^i ^7+1 — ^ ^7 ^ cofibration of C 

(2) for 7 + 1 = A, Try — > is a cofibration of C. 

The limit functor lim : 0"^°'' — > C is a right Quillen functor if and only if its left adjoint, the 
constant diagram functor A : C — > C'^°^ is a left Quillen functor. Consider a cofibration 
X — > Y of C. Then the morphism of towers A(X) — > ^(Y) is a cofibration if and only if 
either 7+I < A and A(y)^+i — > A{Y)j is a cofibration or 7+I = A and A{X)y — > A(y)^ 
is a cofibration. This holds indeed. Therefore the limit functor is a right Quillen functor. 

But a morphism of towers T — > T' is a fibration for the Reedy model structure if and 
only if for any 7 < A, — > X(iim T^) ( hm ^^., J/j) is a fibration. Hence the result. □ 

Corollary 4.3.6. Let T and T' be two objects of Top'*' such that: 

(1) for any 7 < A such that 7 + 1 < A, the morphism T^+i — > T^ is a Hurewicz 
fibration of topological spaces 

(2) for any 7 < A such that ^ is a limit ordinal, the canonical morphism T^ — s- 
lim^^_ Tjs is an homeomorphism 

If f : T — > T' is an objectwise homotopy equivalence, then lim / : limT — > lim T' is a 
homotopy equivalence. 

Proof. There exists a model structure on the category of topological spaces Top where 
the cofibration are the Hurewicz cofibrations, the fibrations the Hurewicz fibrations and 
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the weak homotopy equivalences the homotopy equivalences |Str66j |Str68j |Str72j . All 
topological spaces are fibrant and cofibrant for this model structure. The corollary is 
then due to the fact that a right Quillen functor preserves weak homotopy equivalences 
between fibrant objects and to the fact that any topological space is fibrant for this model 
structure. □ 

Lemma 4.3.7. |Hir03j [Hov99j (Cube lemma) Let C be model category. Let 

Ai ^Bi 



a 

be two diagrams Di with i = 1,2 of cofibrant objects ofC such that both morphisms Ai — > Bi 
with i = 1,2 are cofibrations of the model structure. Then any morphism of diagrams 
Di — > D2 which is an objectwise weak equivalence induces a weak equivalence limZ?i — > 
liiq D2 . 

The dual version states as follows: 
Lemma 4.3.8. Let C be a model category. Let 



Ai Ci 

be two diagrams Di with i = 1,2 of fibrant objects of C such that both morphisms Bi — > Ci 
with i = 1,2 are fibrations of the model structure. Then any morphism of diagrams Di — > 
D2 which is an objectwise weak equivalence induces a weak equivalence limZ?i — > lim D2 ■ 

Corollary 4.3.9. Let 



Ai d 

be two diagrams Di with i = 1,2 of topological spaces such that both morphisms Bi — > Ci 
with i = 1,2 are Hurewicz fibrations. Then any morphism of diagrams Di — > D2 which is 
an objectwise homotopy equivalence induces a homotopy equivalence limDi — > lim D2 . 

3.3. The end of the proof. 

Theorem 4.3.10. Let X and U be two globular complexes. The set map 

cat : glTOP(X, U) — > ¥\.OW {cat{X) , cat{U)) 
is continuous and moreover is a homotopy equivalence. 

Proof. The globular decomposition of X enables to view the canonical continuous map 
— > X as a transfinite composition of Xp — > ^p+i foi' < A such that for any ordinal 
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where the pair {Zp, dZj^) is a NDR pair. And by construction of the functor cat : glTop 
Flow, one also has for any ordinal (3 < X the pushout of flows 

Gloh{dZ/s) ^ cat{X(3) 



Glob(Z^) -cat(X^+i) 

By Theorem 12.3.31 one obtains the pullback of topological spaces 

glTOP(X^+i, U) glTOP(Glob*°P(Z^), U) 



glTOP(X^, U) glTOP(Glob*°P(aZ;3), U) 

By Theorem 13.2.91 one obtains the pullback of topological spaces 

FLOW {cat{Xi3+i),cat{U)) ^ FLOW(Glob(Z/3), cat(C/)) 



FLOW {cat{Xp),cat{U)) ^ FLOW(Glob(5Z^), cat(C/)) 

For a given /?, let us suppose that the space dZf^ is empty. Then the topological spaces 
FLOW{G\oh{dZp),cat{U)) and gITOP(Glob*°P((9Z^), U) are both discrete. So both con- 
tinuous maps 

glTOP(Glob*°P(Z^), U) — > gITOP(Glob*°P(aZ^), U) 

and 

FLOW(Glob(Z^), cat([7)) — > FLOW(Glob(9Z^), cat([/)) 

are Hurewicz fibrations. Otherwise, if the space dZp is not empty, then the pair (Z^, dZp) 
is a NDR pair. Then by Gorollarv 14.2.8[ the continuous map 

glTOP(Glob*°P(Z^), U) — > gITOP(Glob*°f (aZ;3), U) 

is a Hurewicz fibration. And by Proposition 14.3.2} the continuous map 

FLOW(Glob(Z/3), cat(C/)) — > FLOW(Glob(5Z^), cat(C/)) 
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is a Hurewicz fibration as well. One obtains for a given ordinal /3 < A the following 
commutative diagram of topological spaces: 



glTOP(X^+i,C/) 



glTOP(X^,C/) 





glTOP(Glob*''P(Z^),C/) 



glTOP(Glob*°P(9Z^),C/) 



LOW {cat{Xp+i),cat{U)) 



FLOW(Glob(Z^),cat(C/)) 



FLOW {cat{Xfj),cat{U)) 



FLOW(Glob(aZ^), ca<(t/)) 



where the symbol means Hurewicz fibration. One can now apply Corollary 14.3.91 

Therefore, if glTOP(X^,C/) — > FLOW {cat{X ^) , cat{U)) is a homotopy equivalence of 
topological spaces, then the same holds by replacing /? by /?+!. By transfinite induction, we 
want to prove that for any ordinal /3 < A, one has the homotopy equivalence of topological 
spaces glTOP(X^,C/) — > FLOW(cat(X^), cai(C/)). The initialization is trivial: if X° is 
a discrete globular complex, then cat{X^) = X^. The passage from /? to /? + 1 is ensured by 
the proof above. It remains to treat the case where /? is a limit ordinal. Since the pullback 
of a Hurewicz fibration is a Hurewicz fibration, then all continuous maps 



glTOP(X^+i, U) glTOP(X^, U) 



and 



FLOW {cat{Xi3+i),cat{U)) — > FLOW(cat(X^), cat([7)) 
are actually Hurewicz fibrations. By Theorem I2..S.3( for any limit ordinal one has 

glTOP(lim [/) ^ lim glTOP(X/3, U). 

a</3 a<l3 

By Theorem I3.2.9| for any limit ordinal /3, one has 

FLOW{lun cat{Xf3),cat{U)) ^ lim FLOW(cat(X^), cat([7)). 

a<l3 a<l3 

The proof is then complete with Corollary 14.3.61 



□ 



The preceding result can be slightly improved. The homotopy equivalence above is 
actually a Hurewicz fibration. Three preliminary propositions are necessary to establish 
this fact. 

Proposition 4.3.11. Let Z be a compact space. Let U be a globular complex. Then the 
canonical continuous map 



cat : gITOP(Glob*"?'(Z),C/) 

is a Hurewicz fibration. 



FLOW(Glob(Z), cat(C/)) 
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Proof. Let M be a topological space. Consider the following commutative diagram: 

M X {0} — ^ glTOP(Glob*°P(Z), U) 

h 

^ ^ ^ cat 

M X [0, 1] FLOW(Glob(Z), cat{U)) 

One has to find h making the two triangles commutative where i : M x {0} C M x [0, 1] is 
the canonical inclusion. Let h{m^u) € glTOP(Glob*°'^(Z), [/) of the form 

h{m, u){z, t) = r{g{m, u)){z, (t){m, z){t)) 

where (j) \s a. continuous map from M x Z to glTOP( / , I Then cat oh = g for any 
map (j). It then suffices to take (j) such that 

f{m,0){z,t) = r{g{m,u)){z, (j){m, z){t)). 

Such a map is unique by the second assertion of Proposition 13.5.11 The continuity of (j) 
comes from its uniqueness and from the continuity of the other components, similarly to 
Prop osition 13 . 5 . n □ 

Proposition 4.3.12. Let Z be a compact space. Let U be a globular complex. Then one 
has the homeomorphism 

glTOP(Glob*°P(Z),?7) ^glTOP(Glob*°P(Z),7*°P) x FLOW(Glob(Z), cat(C/)). 

Proof. Let / G glTOP(Glob*°P(Z), ?7). Then there exists a unique continuous map (j)f : 
\Gloh*°P{Z)\ — > [0 1] such that for any (z, t) G G\oh^"P{Z), f{z,t) = iu{cat{f){z)){(t>f{z,t)) 
by Proposition 13.5.11 The continuous map 0/ is actually a morphism of globular com- 
plexes from Glob*°^(Z) to 7*°^. The mapping / i-^ {(p f , cat{f)) defines a set map from 
glTOP(Glob*°P(Z),C/) to 

glTOP(Glob*°P(Z),7*''P) X FLOW(Glob(Z), cat(t/)) 
which is obviously an isomorphism of sets. One obtains the isomorphism of sets 

glTOP(Glob*°P(Z),?7) ^ glTOP(Glob*°P(Z),7*°P) x FLOW(Glob(Z), cat(C/)). 
The set map 

glTOP(Glob*°P(Z),7'*°P) X FLOW(Glob(Z),cat(?7)) — > glTOP(Glob*''P(Z), [/) 

is clearly continuous for the Kelleyfication of the compact-open topology. It remains to 
prove that the mapping / i— > (cj) f , cat{f)) is continuous. It suffices to prove that the 
mapping / i— > is continuous since we already know that cat{—) is continuous. The 
latter fact comes from the continuity of the mapping {f,z,t) fiz,t) which implies the 
continuity of (/, z, t) ^ (l)f{z,t). □ 

Proposition 4.3.13. Let Z be a compact space. Let U be a globular complex. Let {Z,dZ) 
be a NDR pair. Then the canonical continuous map 

glTOP(Glob*°?'(Z),C/) — > 

glTOP(Glob*°f (aZ), U) XFLOW(Giob{az),cat(i/)) FLOW(Glob(Z), cat{U)) 
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is a Hurewicz fibration. 
Proof. One has 

glTOP(Glob*°P(Z),C/) ^ glTOF{G\oh*°P{Z),7*°P) x FLOW(Glob(Z), cat(C/)) 

and 

glTOP(Glob*''f (aZ), U) XFLOw(Giob{az),cat(i/)) FLOW(Glob(Z), catiU)) 

^ (^glTOP(Glob*"P(5Z),7*°P) X FLOW(Glob(aZ),cat([/))) 

XFLOW(Giob{az),cai(i/))FLOW(Glob(Z),cat(?7)) 

^ glTOP(Glob*''^'(5Z),7*°P) X FLOW(Glob(Z), cat(C/)) 

So the continuous map we are studying is the cartesian product of the Hurewicz fibration 
glTOP(Glob*°P(Z),7*°P) — > glTOP(Glob*°P(aZ),7*°P) 

by the identity of FLOW(Glob(Z), cat(C/)). So it is a Hurewicz fibration as well. □ 

Theorem 4.3.14. Let X and U be two globular complexes. The set map 
cat : glTOP(X,C/) — > FLOW {cat{X) , cat{U)) 

is a Hurewicz fibration. 

Sketch of proof. We use the notations of the proof of Theorem I4.3.1UI We are going to 
prove by transfinite induction on /5 that the canonical continuous map 

glTOP(X^,?7) — > FLOW {cat{X^),cat{U)) 

is a Hurewicz fibration. For (3 = 0, Xp is the discrete globular complex {X^ , X^). Therefore 
glTOP(Xo, U) = FLOW {cat{XQ),cat{U)) = Let us suppose the fact proved for /3 ^ 0. 
Then one has the following diagram of topological spaces 



glTOP(Glob*°P(Z;3),C/) 




FLOW(cai(X/3), cat{U)) ^ FLOW(Glob(aZ^), cat(;7)) 

where the symbol ^ means Hurewicz fibration. We then consider the Reedy category 

2 



^1 
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and the Reedy model category of diagrams of topological spaces over this small category. 
In this model category, the fibrant diagrams D are the diagrams such that Dq, Di and D2 
are fibrant and such that D2 — > Di is a fibration. And a morphism of diagrams D — D' 
is fibrant if and only if both Dq — > D'q and Di — > D[ are fibrant and if D2 — > Di x D'2 
is fibrant. So it remains to check that the inverse limit functor is a right Quillen functor 
to complete the proof. It then suffices to prove that the constant diagram functor is a 
left Quillen functor. For this Reedy model structure, a morphism of diagrams D — > D' 
is cofibrant if both Dq — > D'q and D2 — > D2 are cofibrant and if D'q Ujjq Di — > is 
cofibrant. So a diagram D is cofibrant if and only if Dq^ Di and D2 are cofibrant and if 
Dq — > D\ is a cofibration. Hence the result. □ 

Corollary 4.3.15. Let X and U he two globular complexes. The set map 

cat : glTOP(X, U) — > FLOW(cat(X), cat(C/)) 

is onto. 

Proof. Any Hurewicz fibration which is a homotopy equivalence is onto since it satisfies the 
right lifting property with respect to — > {0}. □ 

4. Comparison of S-homotopy in glTop and in Flow 
4.1. Pairing Kl between a topological space and a flow. 

Definition 4.4.1. |Gaufl3d] Let U be a topological space. Let X be a flow. The flow 
{U,X}s is defined as follows: 

(1) The 0-skeleton of{U,X}s is X^ . 

(2) For a, (3 G X^ , the topological space Fa,i3{U, X}s is TOP([/, F^^fiX) with an obvious 
definition of the composition law. 

Theorem 4.4.2. / [(^aun.Sdj Th eorem 7.8) Let U be a topological space. The functor 
{U, —}s has a left adjoint which will he denoted by U M —. Moreover: 

(1) one has the natural isomorphism of flows 

U M (lunXi) ^ lim(C/ K Xi) 

i i 

(2) there is a natural isomorphism of flows {*} MY = Y 

(3) if Z is another topological space, one has the natural isomorphism of flows 

U M Glob(Z) ^ Glob([/ x Z) 

(4) for any flow X and any topological space U, one has the natural bijection of sets 

{UMXf ^ x° 

(5) if U and V are two topological spaces, then {U x V) MY = U M {V MY) as flows 

(6) for any flow X, 0MX ^X°. 
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4.2. S-homotopy of flows. 

Definition 4.4.3. |Gaur)3d| A morphism of flows f : X — > Y is said synchronized if and 
only if it induces a bijection of sets between the 0-skeleton of X and the 0-skeleton ofY. 

Definition 4.4.4. |Gau03d] Two morphisms of flows f and g from X toY are S-homotopy 
equivalent if and only if there exists 

H e Top([0,l],FLOW(X,y)) 

such that H{0) = f and H{1) = g. We denote this situation by f ~5 g. 

Definition 4.4.5. |Gaun3d| Two flows are S-homotopy equivalent or S-homotopic if and 
only if there exist morphisms of flows f : X — > Y and g : Y — > X such that fog ~5 Idy 
and go f r^s Wx • 

Proposition 4.4.6. ( Proposition 7.5) |Gau03d] Let f and g be two morphisms of flows 
from X to Y . Then f and g are S-homotopy equivalent if and only if there exists a contin- 
uous map 

h G Top([0,l],FLOW(X,y)) 

such that /i(0) = / and h{l) = g. 

Proposition 4.4.7. i^ |Gau03(I] Corollary 7.11) [Cylinder functor] The mapping X i— > 
[0, 1] KIX induces a functor from Flow to itself which is a cylinder functor with the natural 
transformations ei : {i} M — — > [0, 1] Kl — induced by the inclusion maps {i} C [0, 1] for 
i G {0, 1} and with the natural transformation p : [0, 1] Kl — — > {0} M — induced by the 
constant map [0,1] — > {0}. Moreover, two morphisms of flows f and g from X to Y are 
S-homotopic if and only if there exists a morphism of flows H : [0,1] M X ^ Y such that 
H o cq = f and H o ei = g. Moreover cq o H ~5 Id and ei o H Id. 

4.3. Pairing M and S-homotopy. 

Proposition 4.4.8. Let U be a compact space. Let X be a globular complex. Then one 
has the isomorphism of flows cat{U M X) = U M cat{X). 

Proof. Let {dZ/^, Zp, 4>p)p<^\ be the globular decomposition of X. This is clear li X = Xq = 
{X^ ,X^) and il X = Glob*°^(Z) where Z is compact. It then suffices to make a transfinite 
induction on (3 to prove cat{U M Xp) ^ [/ Kl cat{Xp). □ 

Theorem 4.4.9. The set map cat : glTop(X, [/) Flow {cat{X),cat{U)) induces a bi- 
jection of sets glTop(X, [/)/~5= Flow{cat{X),cat{U))/^s- 

Proof. Let / and g be two S-homotopy equivalent morphisms of globular complexes from 
X to Y. Then there exists a morphism of globular complexes H : [0,1]MX — > Y such that 
the composite o eo is equal to / and the composite o ei is equal to g. Then cat{H) : 
[0,1] MX — > Y induces by Proposition 14.4.81 a S-homotopy between cat{f) and cat{g). 
So the mapping cat induces a set map glTop(X, C/)/~s^ Flow(cat(X), cat(C/))/~s. By 
Proposition 12.4.61 the set glTop(X, C/)/'~5 is exactly the set of path-connected compo- 
nents of glTOP(X, f7). By Proposition EXl the set Flow(cat(X), cat(C/))/ ~s is ex- 
actly the set of path-connected components of FLOW(cat(X), cat(f/)). But the set map 
cat : glTOP(X, J7) FLOW(cat(X), cat(C/)) induces a homotopy equivalence by Theo- 
rem So the two topological spaces have the same path-connected components. □ 
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Corollary 4.4.10. Two globular complexes are S-homotopy equivalent if and only if the 
corresponding flows are S-homotopy equivalent. 

Corollary 4.4.11. The localization of the category of globular complexes with respect to 
the class of S-homotopy equivalences is equivalent to the localization of the full and faithful 
subcategory of flows of the form cat{X) with respect to the S-homotopy equivalences. 

Proof. This is due to the existence of the cyhnder functor both for the S-homotopy of 
globular complexes and for the S-homotopy of flows. □ 

5. Conclusion 

This part shows that the category of flows is an appropriate framework for the study of 
S-homotopy equivalences. The category Flow has nicer categorical properties than glTop, 
for example because it is both complete and cocomplete. 

Part 5. Flow up to weak S-homotopy 

1. Introduction 

We prove that the functor from the category of globular CW-complexes to the category 
of flows induces an equivalence of categories from the localization of the category of globular 
CW-complexes with respect to the class of the S-homotopy equivalences to the localization 
of the category of flows with respect to the class of weak S-homotopy equivalences. 

2. The model structure of Flow 

Some useful references for the notion of model category are |Hov99j |(T.T99j . See also 
!l)HK97j [Hi7n3]. 

Theorem 5.2.1. /' [GauOSJ] Theorem 19.7) The category of flows can be given a model 
structure such that: 

(1) The weak equivalences are the weak S-homotopy equivalences, that is a morphism 
of flows f : X — > Y such that f : — > is an isomorphism of sets and 
f : ¥X — > ¥Y a weak homotopy equivalence of topological spaces. 

(2) The fibrations are the continuous maps satisfying the RLP with respect to the mor- 
phisms Glob(D"') — > Glob([0, 1] x D") for n ^ 0. The fibrations are exactly the 
morphisms of flows f : X — > Y such that ¥f : ¥X — > ¥Y is a Serre fibration of 
Top. 

(3) The cofibrations are the morphisms satisfying the LLP with respect to any map 
satisfying the RLP with respect to the morphisms Glob(S"'~^) — y Glob(D"') for 
n ^ and with respect to the morphisms — > {0} and {0, 1} — > {0}. 

(4) Any flow is fibrant. 

Notation 5.2.2. Let S be the subcategory of weak S-homotopy equivalences. Let J^' be 
the set of morphisms of flows Glob(S"~^) — > Glob(D"') for n ^ 0. Let J^' be the set of 
morphisms of flows Glob(D") — > Glob([0, 1] x D"). Notice that all arrows ofS, and 
J^^ are synchronized. At last, denote by be the union of I^^ with the two morphisms of 
flows R : {0, 1} — > {0} andC -.0 C {0}. 



40 



PHILIPPE GAUCHER 



3. Strongly cofibrant replacement of a flow 

Definition 5.3.1. Let X be a flow. Let n ^ 0. Let fi : Glob(S"^^) — > X be a family of 
morphisms of flows with i L where L is some set. Then the pushout Y of the diagram 

U,g,Glob(S"-i) U-^^^' , ^ 

c 

U,,Glob(D") 

is called a n-globular extension of X. The family of fi : Glob(S"'~"'^) — > X is called the 
globular decomposition of the extension. 

Definition 5.3.2. Let i : A — > X be a morphism of flows. Then the morphism i is a 
relative globular extension if the flow X is isomorphic to a flow X^ = lim Xn such that for 
any integer n ^ 0, X„ is a n-globular extension of Xn-i (by convention, let X-i = A). 
One says that dim(X, A) = p if X^ = Xp = Xp+i = . . . and if Xp^i ^ Xp. The flow Xn 
is called the n-skeleton of {X, A) and the family of {Xn)n^o the skeleton. 

Definition 5.3.3. A flow X is said strongly cofibrant if and only if the pair {X, X^), where 
X^ is the 0-skeleton, is a relative globular extension. Let 

dim(X) = dim(X,X°). 

Notice that any strongly cofibrant flow is cofibrant for the model structure of Flow. 
Using Theorem 15.2. 11 we already know that any fiow is weakly S-homotopy equivalent to a 
cofibrant flow and that this coflbrant flow is unique up to S-homotopy. Such a coflbrant flow 
is usually called a cofibrant replacement. With the standard construction of the cofibrant 
replacement involving the "Small Object Argument", we can only say that the cofibrant 
replacement of a flow can be taken in the /^'-cell complexes. 

We want to prove in this section that the coflbrant replacement can be supposed strongly 
coflbrant. This is therefore a stronger statement than the usual one. 

Theorem 5.3.4. /^ [(^aiin.Sdj Th eorem 15.2) Suppose that one has the pushout of flows 

Glob(S") ^ A 

Glob(D"+i) ^X 

for some n ^ 1. Then the continuous map f : ¥A — > ¥X is a closed n-connected inclusion. 

Theorem 5.3.5. Any flow is weakly S-homotopy equivalent to a strongly cofibrant flow. 
This "strongly cofibrant replacement" is unique up to S-homotopy. 

Proof. As usual in this kind of proof, two kinds of processes are involved; the flrst is that of 
attaching cells like Glob(S") so as to create new generators; the second, of attaching cells 
like Glob(D"') to create new relations. 

Let X be an object of Flow. Let T_i = X^ (so PT_i = 0). Then the canonical morphism 
/_! : T_i — !• X is synchronized. If ¥X = 0, then the proof is ended. Otherwise, for any 
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7 G ¥X, let us attach a copy of / such that [0, 1] € P / is mapped to 7. Then the canonical 
morphism of flows /q : Tq — > X induces an onto map '/ro(/o) : 7ro(PTo) — > 7ro(IPX) (where 
TTi^U) is the i-th. homotopy group of U). In other terms, Tq is the flow having as 
0-skeleton and the set FX equipped with the discrete topology as path space. 

We are going to introduce by induction on n ^ a n-globular extension T„ of Tn-i such 
that the canonical morphism of flows /„ : T„ — > X satisfies the following conditions: 

(1) the morphism of flows fn is synchronized 

(2) for any base-point 7, iTnifn) ■ vr„(Pr„,7) — > 7r„(PX,7) is onto 

(3) for any base-point 7, and for any ^ i < n, TTi^fn) '■ 7rj(PT„,7) — > 7rj(PX, 7) is an 
isomorphism. 

The passage from Tq to Ti is fairly different from the rest of the induction. To obtain a 
bijection iroifi) : 7ro(PTi) — > 7ro(PX), it suffices to have a bijection 7ro(/i) : 7ro(Po,/3Ti) — > 
'^o{^a,f3X) for any a,/3 G X^. Let x and y be two distinct elements of 'iTQ{Fa,pTo) having 
the same image in 7Tq(F(^^pX^ . Then x and y correspond to two non-constant execution 
paths 7a; and jy from a to (3. Consider the morphism of flows Glob(S'') — > X such that 
— 1 I— > 7j; and 1 i-^- 7^. Then let us attach a cell Glob(D^) by the pushout 



Glob(S' 



Glob(Di 




By construction, the equality x = y holds in Tq . By transfinite induction, one obtains 
a flow Uq and a morphism of flows Uq — > X inducing a bijection '/ro(C/o) — 7ro(X). We 
now have to make 7ri({7o) — > '''"i(^) onto. The passage from Uq to Ti is analogous to the 
passage from Un to T^+i for n ^ 1, as explained below. 

Let us suppose T„ constructed for n ^ 1. We are going to construct the morphism 
T„ — > Tn+i as a transfinite composition of pushouts of the morphism of flows Glob(S") — > 
Glob(D""'"-^). By Theorem 15.3.41 the pair (PT„_|_i, PT„) will be n-connected, and so the 
canonical maps 7rj(PT„) — > iTi(FTn+i) will be bijective for i < n. So the canonical map 
7rj(Pr„4.i) — > 7rj(PX) will remain bijective for i < n. By induction hypothesis, the map 
T^nifn) '■ T^niFTn, 7) — > 7r„,(PX, 7) Is onto. To cach element of 7r„(PT„, 7) with trivial image 
in 7r„(PX, 7) corresponds a continuous map S" — > Pr„. Since S" is connected, it can be 
associated to a morphism of flows Glob(S") — > Tn- Let us attach to T„ a cell Glob(D"^^) 
using the latter morphism. And repeat the process transfinitely. Then one obtains a 
relative (n + l)-globular extension C/„ of T„ such that -7rj(PC/„) — > 7rj(PX) is still bijective 
for i < n and such that 7r„(Pf„) — > 7r„(PX) becomes bijective. Now we have to make 
7r„+i(P;7n, 7) — > 7rn+i(PX, 7) onto for any base-point 7. Let g : (D"+\ S") — > {FX, 7) be 
a relative continuous map which corresponds to an element of 7rn+i(P^). Let us consider 
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the following commutative diagram: 

Glob(S") — ^ Un 




where 7*(0) = 5(7), 7*(1) = ^(7) and for any z £ S", 7*(-2;) = 7. Then because of the 
universal property satisfied by the pushout, there exists a morphism of flows k^^^ : Un^ — > 
X and by construction, the canonical morphism D""''^ — > ^Un^ is an inverse image of 
g by the canonical map 7r„+i — > 7r„+i(PX, 7). By transfinite induction, one 
then obtains for some ordinal A a flow Un'^^ such that 7r„+i(PC/ra'*'\ 7) — > 7r„4_i(PX, 7) is 
onto. It then suffices to set T^+i := Un^\ The colimit limT„ is then a strongly cofibrant 
replacement of X and lim/„ : limT„ — > X is then a weak S-homotopy equivalence by 
construction. The uniqueness of this strongly cofibrant replacement up to S-homotopy is a 
consequence of Theorem 15.2.11 □ 



4. The category of S-homotopy types 



Theorem 5.4.1. The functor cat from glTop to Flow induces an equivalence between 
the localization glC'W[S7i~^] of globular CW-complexes with respect to the class STL of 
S-homotopy equivalences and the localization of the full and faithful subcategory of Flow 
consisting of the strongly cofibrant flows by the S-homotopy equivalences. 

Proof. Let X be a strongly cofibrant flow. Let (A^n)n^o be the skeleton of the relative 
globular extension {X,X^) (with the convention X^i = X^). Let P{n) be the statement: 
"there exists a globular CW-complex Y of dimension n such that cat(Y) = X^ (by con- 
vention a globular CW-complex of dimension —1 will be a discrete space)". Suppose P{n) 
proved for n ^ — 1. Using Theorem 13. 5. 21 choose a continuous map iy '■ ^Y — > P*°Py. Let 



Ue/Glob(S- 



Uig/ fi 



Xn 



Ue/Glob(D 



X, 



n+1 



be the pushout defining Xn+i- Then the pushout of multipointed spaces 

l\,^l(z,t)^lY{h{z))(t) 



U,e/Glob*°^'(S-) 



Glob*°f(D"+i) 



Y 



Y' 
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gives the solution. It remains to prove that the functor is both full and faithful. Since S- 
homotopy in glCW is characterized by a cylinder functor (cf. |(T(Tfl3j or Corollary 12.4.9)1 . 
one has the natural bijection of sets 

gicw[sn-^]{x,Y) ^ giTop(x, y)/-5 

for any globular CW-complexes X and Y. Since S-homotopy in Flow is also characterized 
by a cylinder functor (cf. Proposition 14.4. 7|) . one also has the natural bijection of sets 

Flow{cat{X),cat{Y))/^s= Flow[5H-^](cat(X), cat{Y)). 
The theorem is then a consequence of Theorem 14.4.91 □ 

Theorem 5.4.2. The localization Flow[iS^^] o/Flow with respect to the class S of weak 
S-homotopy equivalences exists (i.e. is locally small). The functor cat : glCW — > Flow 
induces an equivalence of categories glCWlSTi.^^] = Flow[5~^]. 



Proof. Let X be an object of Flow. By Theorem 15.3.51 there exists a strongly cofibrant 
flow X' weakly S-homotopy equivalent to X. By Theorem 15.4. H there exists a globular 
CW-complex Y with cat{Y) = X' . So cat{Y) is isomorphic to X in Flow[5^"'^]. So the 
functor cat : glCW[57^~^] — > Flow[5~^] is essentially surjective. 
Let Yi and Y2 be two globular CW-complexes. Then 

glCW[Sn-^](Yi,Y2) ^ Flow[Sn-^]{cat(Yi),cat{Y2)) ^ Flow[S-^]{cat{Yi),cat{Y2)) 

the last isomorphism being due to the facts that cat(Yi) is cofibrant and that cat{Y2) is 
fibrant for the model structure of Flow. Therefore cat : glCW[57Y^^] — > Flow[5^^] is 
full and faithful. □ 

Corollary 5.4.3. Let CW be the category of CW-complexes. Let Top be the category 
of compactly generated topological spaces. Let Ho(CW) be the localization of CW with 
respect to homotopy equivalences and Ho(Top) be the localization of Top with respect to 
weak homotopy equivalences. Then the commutative diagram 



CW 



Top 



Glob«°P(- 



Glob(-) 



glCW 



gives rise to the commutative diagram 



Ho(CW) 

Glob*°J'(-) 



*- Flow 
Ho(Top) 

p 

Glob(-) 



Flow[cS 



-ii 



5. Conclusion 

The model structure of |Gaun3d] on the category of flows provides a new interpretation 
of the notion of S-homotopy equivalence. It allowed us to prove in Part 13 that the functor 
from the category of globular CW-complexes to the category of flows induces an equivalence 
of categories from the localization of the category of globular CW-complexes with respect 
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a u b 



V w 

^ 

a c b 

Figure 2. Concatenation of u and w 

to the class of the S-homotopy equivalences to the localization of the category of flows with 
respect to the class of weak S-homotopy equivalences. 

Part 6. T-homotopy and flow 

1. Introduction 

The purpose of this part is the construction of a class of morphisms of flows, the T- 
homotopy equivalences, so that the following theorem holds: 

Theorem 6.1.1. Let X and U be globular complexes. If f : X — > U is a T-homotopy 
equivalence of globular complexes, then cat{f) : cat{X) — > cat{U) is a T-homotopy equiv- 
alence of flows. Conversely, if g : cat{X) — > cat(U) is a T-homotopy equivalence of flows, 
then g = cat{f) for some T-homotopy equivalence of globular complexes f : X — > U . 

where: 

Definition 6.1.2. A T-homotopy is a morphism f : X — > Y of globular complexes induc- 
ing an homeomorphism between the two underlying topological spaces. 

Section 121 defines the class of T-homotopy equivalences in the category of fiows. Section|31 
is devoted to proving the theorem above. 

2. T-HOMOTOPY IN Flov^^ 

The idea of T-homotopy is to change nothing globally except that new states may appear 
in the middle of full globes. In particular, the additional states appearing in the 0-skeleton 
must not create any new branching or merging areas of execution paths. For example, the 
unique morphism of flows F such that F{u) = v *w m. Figure El is a T-homotopy. 

We need again the notion of quasi-flow introduced in Part |31 Section 13.11 Recall that a 
flow can be viewed as a particular case of quasi-fiow. 

Definition 6.2.1. Let X be a quasi-flow. Let Y be a subset of X^ . Then the restriction 
X\y of X over Y is the unique quasi-flow such that {X \y)^ = Y and such that 

P*°P(X \y) = □ P^X 
(Q,/3)eyxy 

equipped with the topology induced by the one ofF*'°^X. 
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Figure 3. Two 1-dimensional automata not T-homotopy equivalent 

Let X be a flow. As in |Gau03aj . let TZ~ be the smallest closed equivalence relation on 
¥X identifying 71 and 71 * 72 whenever 71 and 71 * 72 are defined in ¥X, and let 

Symmetrically, let us consider the smallest closed equivalence relation TZ^ identifying 72 
and 7i * 72 if 72 and 71 * 72 belong to FX. Then let 

F+X = FX/n+. 

Definition 6.2.2. A morphism of flows f : X — > Y is a T-homotopy equivalence if and 
only if the following conditions are satisfied: 

(1) The morphism of flows f : X ^ Y \ f(x'-'>) '^^ isomorphism of flows. In particular, 
the set map f^ : X^ — > Y^ is one-to-one. 

(2) For any a G Y^\f{X^), the topological spaces F^Y and F'^Y are singletons. 

(3) For any a € Y^\f{X^), there are execution paths u and v in Y such that s{u) E 

t{u) = y, s{v) = y and t{v) € 

The first condition alone does not suffice for a characterization of T-homotopy, since the 
unique morphisms of flows F' such that F'{u) = v satisfies this condition as well. The 
additional state (i.e. b = tw) creates a new final state. 

Now consider Figure El In the globular complex setting, there are no T-homotopy equiv- 
alences between them because the underlying topological spaces are not homeomorphic 
because of the calculation x before the branching. However the unique morphisms of flows 
F such that F{u) = x * y and F{v) = x * z satisfies the first and third conditions of 
Definition 16.2.21 but not the second one. 

Requiring that F~Y and F'^Y are only contractible for a G Y^\f{X^) is not sufficient 
either. Indeed, consider two contractible topological spaces X and Y and the morphism of 
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globular complexes / : Glob*°P(X x Y) ^ Glob*°P(X) * Glob*''^'(y) such that f{{x,y),t) = 
{x, 2t) for < t ^ 1/2 and /((x, y), t) = {y, 2t - 1) for 1/2 ^ i ^ 1. The morphism of flows 
/ would be a T-homotopy equivalence. 

The third condition is also necessary because otherwise, the directed segment / would 
be T-homotopy equivalent to the disjoint sum of / with the concatenation of an infinite 
number of copies of / . 



3. Comparison of T-homotopy in glTop and in Flow 

3.1. Properties of T-homotopy. Some useful properties of T-homotopy equivalences of 
flows are proved in this section. 

Theorem 6.3.1. Let f be a morphism of flows from X to Y . Assume that f is the pushout 
of a morphism of flows of the form cat{g) : cat(U) — > cat{V) where g : U — > V is a T- 
homotopy equivalence of globular complexes. Then the morphism of flows X — > Y \f^xo) 
an isomorphism of flows. In particular, the continuous map Ff : FX — > FY is one-to-one. 

Proof. First of all, assume that X = cat{U), Y = cat{V) and / = cat{g) for some T- 
homotopy equivalence g : U — > V. The morphism of quasi-flows qcat{g) : qcat{U) — > 
qcat{V) \g(xo) has an obvious inverse from qcat{V) \g(xo) to qcat{U) denoted by qcat{g)~^ 
sending 7 G F^°Pqcat{V) \g(x'-'>) to g~^ o 7 G F^°^qcat{U). Using the natural transformation 
p : qcat — > cat, one obtains that 

p{qcat{g)-^) : PF rg(xo)^ PC/ 

is an inverse continuous map of Fg : FU — > FV \g(xO)- 

Now take a general T-homotopy equivalence of flows / from X to Y. By hypothesis, 
there exists a cocartesian diagram of flows 



cat{U) 

cat{g) 

cat{V) 



-^X 



for some T-homotopy equivalence of globular complexes / : U 
ing commutative diagram of flows 



V. Consider the follow- 



cat{U) 

cat(g) 



-^x 



cat{V) tg(xo) ^ Y tj(j^o) 
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One wants to prove the existence of h making the diagram commutative. So consider the 
fohowing diagram (where a new flow Z is defined as a pushout) 



cat{U) ^ X 



cat{g) 



cat{g) 



cat{V) \g^^x^f ^ cat{V) 



4>2 



^ 

Every part of this diagram is commutative. Therefore one obtains the commutative diagram 

cat{U) ^ X 

cat(g) 



cat{V) 




One obtains the commutative diagram 



cat{U) ^ X 



cat(g) 



cat{g) 



cat{V) \g^xof > cat{V) 

ri 



-^z 



So h = h \f(x°) makes the following diagram commutative: 



cat{U) 

cat(g) 



-^x 



cat{V) tg(xo) ^ Y tj(j^o) 
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Therefore the following square of flows is cocartesian: 

cat{U) ^ X 

cat{g) 



cat{V) \g(^xO) > Y \fi^xO) 

Since cat{U) = cat{V) \g(xO) with the first part of the proof, one gets X = Y t/(xo)- 1^ 

Theorem 6.3.2. Let f be a morphism of flows from X to Y. Assume that f is the pushout 
of a morphism of flows of the form cat{g) : cat{U) — ^ cat{V) where g : U — > V is a T- 
homotopy equivalence of globular complexes. For any a G y°\/(X°), the topological spaces 

P^y and IP^l^ are singletons. 

Proof. Let us suppose first that X = cat{U), Y = cat{V) and / = cat{g) for some T- 
homotopy equivalence of globular complexes g : U — > V. Let a G Y^\f{X^). One sees 
by induction on the globular decomposition of U that the topological spaces P^.j^^^X are 

singletons. Since one has P^y ^ P=lw as topological spaces, the proof is complete in 

that case. 

Let us take now a general T-homotopy equivalence of flows h from X to Y. By hypothesis, 
there exists a cocartesian diagram of flows 



cat{U) 

cat(g) 

cat{V) 



X 



h 

n 



Y 



for some T-homotopy equivalence of globular complexes g : U 
Since one has the cocartesian diagram of sets 



V. Let a e Y°\h{X^ 



X^ 



then there exists a unique (3 € V^\U^ such that (j){f3) = a. By the first part of this proof, 
both topological spaces are singletons. Let 7 G PI" with 5(7) = a. Then one has 

7 = 7j^ * . . . * 7„ where the 7^ are either execution paths of FV or execution paths of FX. 
Since a = 5(71) and since a G Y'^\h{X^), one deduces that 71 G FV. But since 7 is 
-equivalent to 71, one deduces that F~Y is a singleton. In the same way, one can check 
that is a singleton as well. □ 

Theorem 6.3.3. Let f be a morphism of flows from X to Y. Assume that f is the pushout 
of a morphism of flows of the form cat{g) : cat(U) — > cat{V) where g : U — >■ V is a T- 
homotopy equivalence of globular complexes. For any a G Y^\f(X^), there are execution 
paths u and vinY such that s{u) G f^{X^), t{u) = y, s{v) = y and t{v) G f^{X^). 



Proof. First suppose that X = cat{U), Y 
equivalence of globular complexes g : U — 



: cat(y) and / = cat{g) for some T-homotopy 
V. Let a G y°\5(X°). Then g-^{a) is in the 
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middle of a globe of the globular decomposition of X. In other terms, there exists 7 G P*°pX 
such that a G 7(]0, 1[). So there exists 71 G PY and 72 G Py such that 5(71) G g{X^)-, 
^(72) £ a-nd 4(71) = 5(72) = a. Hence the conclusion in that case. 

Take now a general T-homotopy equivalence of flows h from X to Y . By hypothesis, 
there exists a cocartesian diagram of flows 

cat{U) ^ X 



cat{g) 



h 



cat{V) -^Y 

for some T-homotopy equivalence of globular complexes g : U — > V . Let a G Y^\h{X^). 
Like in Theorem l(i.l-{.2| there exists a unique j3 G y'^\C/'^ such that </>(/?) = a. Then using 
the first part of this proof, there exist 71 G ¥V and 72 G such that 5(71) G f{U^), 
t(72) G /(f/°) and ^(71) = 5(72) = (3. Then sCAIti)) e *(0(72)) G and 

t(0(7i)) = s((/'(72)) = «• Hence the conclusion in the general case. □ 

Corollary 6.3.4. Let f be a morphism of flows from X to Y . Assume that f is the 
pushout of a morphism of flows of the form cat{g) : cat{U) — cat{V) where g : U — > V 
is a T-homotopy equivalence of globular complexes. Then f is a T-homotopy equivalence of 
flows. 

Proof. This is an immediate consequence of Theorem Ifi.i-i.ll Theorem l(i.H.2l and Theo- 
remira □ 

3.2. Comparison with T-homotopy of globular complexes. 

Theorem 6.3.5. Let X and U be globular complexes. Let f : X — > U be a T-homotopy 
equivalence of globular complexes. Then cat{f) : cat(X) — > cat(U) is a T-homotopy 
equivalence of flows. Conversely, if g : cat{X) — > cat(U) is a T-homotopy equivalence of 
flows, then g = cat{f) for some T-homotopy equivalence f : X — > U of globular complexes. 

Proof. Let / : X — > [/ be a T-homotopy equivalence of globular complexes. Then cat(f) : 
cat{X) — > cat{U) is a T-homotopy equivalence of flows by Corollarv 16.3.41 

Conversely, let X and U be two globular complexes. Let g : cat{X) — > cat{U) be a 
T-homotopy equivalence of flows. Let {dZp, Zp.,(f)p)p^\ be the globular decomposition of 
X. The morphism g gives rise to a one-to-one set map g^ from cat{X)^ to cat{U)^ and to 
an homeomorphism ¥g : ¥cat{X) — > ¥cat{U) \gO(^cat{X)0)- Let iu '.^U ^ ¥^°'PU given by 
Theorem 

Let us suppose by induction on (3 that there exists a one-to-one morphism of globular 
complexes fp : Xp — > U such that P/^ : PXf^ — > PC/ coincides with the restriction of 
¥g to PX^. One has to prove that the same thing holds for /? + 1. There is a cocartesian 
diagram of multipointed topological spaces 

Gloh^^PidZp) Xp 
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Let 

k{z,t) =iu{9°4>/3{z)){t) 
for z & and t € [0, 1]. For any z ^ Zfs, k{z, — ) is an execution path of U. The composite 
of morphisms of globular complexes 

gives rise to an execution path i{z,t) for any z G dZp. Since dZp is compact, then there 
exists a continuous map ip : dZp x [0, 1] — > [0, 1] such that i{z,t) = k{z,'4j{z,t)) for any 
z G dZp and any t G [0, 1] by Proposition 13.5.11 Therefore the mapping 

k : {z, t) 1-^ k{z, fi{z)t + (1 — fi{z))ip{z, t)) 

induces a morphism of globular complexes fp+i ■ ^/3+i — > U which is an extension of 
U-.Xp^ U. 

One now wants to prove that the restriction of //3+1 to Glob*°^(Z^\9Z^) is one-to- 
one. Suppose that there exists two points {z,t) and {z',t') of Glob*°^(Z^\5Z^) such that 
ff3^i{z,t) = fi3^i{z',t'). If z ^ z', then g o (j)f3{z) g o 4>p{z') since g is one-to-one. So the 
two execution paths k{z, — ) and k{z' , — ) are two distinct execution paths intersecting at 
k{z,t) = k(z',t'). The latter point necessarily belongs to U'^. Since the topological spaces 
P~?7 and F^f/ are both sing letons for a G U^\(j){X^), then 

k{z,t) = k{z',t') G </>(X°). 

There are two possibilities: k{z,t) = k{z',t') = go 4>p{Q) and k(z,t) = k{z',t') = g o (f)i3{l) 
(notice that (ppiO) and (j)f3{l) may be equal). The equality k{z,t) = k{z',t') = g o </>^(0) 
implies t = t' = and the equality k{z, t) = k{z' , t') = g o implies t = t' = 1. In both 

cases, one has {z,t) = {z',t'): contradiction. So fjs+i is one-to-one. 

If /3 < A is a limit ordinal, then let fp = lim^^^/a. The latter map is still a one-to- 
one continuous map and a morphism of globular complexes. So one obtains a one-to-one 
morphism of globular complexes / : X — > U such that P/ : ¥X — > ¥U coincides with P^. 

Now let us prove that / is surjective. Let x ^ U. First case: x G U^. If x ^ 9{^^) = 
then by hypothesis, F-cat{U) and F+cat{U) are singletons. So x necessarily belongs 
to an execution path between two points of g{X^). Since g is a bijection from ¥X to 
FU \g[xO), this execution path necessarily belongs to g{X). Therefore x G giX). Second 
case: x G U\U^. Then there exists an execution path 7 of C/ passing by x. If 7(0) ^ g{X^) 
(resp. 7(1) ^ g{X^)), then there exists an execution path going from a point of g{X^) to 
7(0) (resp. going from 7(1) to a point of g{X^)) because 7(0) is not an initial state (resp. 
a final state) of g{X). Therefore one can suppose that 7(0) and 7(1) belong to g{X^). 
Once again we recall that 5 is a bijection from FX to FU so x G f{X). Therefore 

U C f{X). So / is bijective. 

At last, one has to check that /^^ : U — > X is continuous. Let T be a compact of the 
globular decomposition of U (not of X !), let q be the corresponding attaching map, and 
consider the composite 

Glob*°P(T) U X 

There are then two possibilities. 
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First of all, assume that T = {x} for some x G U^. Then there exists 7,7' G U such 
that 7 * ( Pg)(x ) * 7' G g(FX). Let 7 * Fq{x) * 7' = 5(7")- Let : FX — > F*"PX given by 
Theorem 13. 5. 21 Then the execution path ix{l") of X becomes an execution path foixi'f") 
of U since / is one-to-one. Let us consider the execution path iui'y * Fq{x) * 7') of U. By- 
Proposition 13.5.11 there exists a continuous non-decreasing map uj : [0, 1] — > [0, 1] such 
that u;(0) = 0, uj(l) = 1 and such that 

iuij * Fq{x) * 7') = / o ix{j") o uj. 

Then u is necessarily bijective, and so an homemorphism since [0, 1] is compact. Therefore 
/-I o i^(7 * Fq{x) * 7') = ix{Y) ° ^- So o g(Glob*°P(r)) is a compact of X. 

Now suppose that T contains more than one element. Then P~^p^J7 and P^^-^^f/ are not 

singletons. So g(0) and g(l) belong to g{X°) = Then F{g-'^oq){T) = {g''^ oFq){T) 

is a compact of PX (since g is an homeomorphism !). By Proposition 13.5. II there exists a 
continuous map uj : T — > TOP([0, 1], [0, 1]) such that w(0) = 0, a;(l) = 1 and such that 
uj{z) is non-decreasing for any z and such that 

iu{Fq{z)) = f o ix{g-' o Fq{z)) o uj{z) 

for any z £ T. The map z 1-^ ixig^^ ° P9(-2)) o '^(•2) is mapped by the set map 

Top(r,p*°px) — > Top(r X [0, i],x) 

to a function G Top(r x [0, Therefore 

riog(Glob*°P(r))=^'(rx [0,1]) 

is again a compact of X. 

To conclude, let F be a closed subset of X. Then 

f{F) n <7(Glob*°^'(r)) = f{F n (/"^ o <;)(Glob*"P(T))). 

Since f^"^ o g(Glob*°^(r)) is always compact, the set f{F) n q{G\oh^°^ {T)) is compact as 
well. Since U is equipped with the weak topology induced by its globular decomposition, 
the set f{F) is a closed subspace of U . So is continuous. □ 

4. Conclusion 

We have defined in this part a class of morphisms of flows, the T-homotopy equivalences, 
such that there exists a T-homotopy equivalence between two globular complexes if and 
only if there exists a T-homotopy equivalence between the corresponding flows. So not only 
the category of flows allows the study of S-homotopy of globular complexes, but also the 
study of T-homotopy of globular complexes. 

Part 7. Application : the underlying homotopy type of a flow 

1. Introduction 

The main theorem of this paper (Theorem I5.4.2|) establishes the equivalence of two 
approaches of dihomotopy. The first one uses the category of globular complexes in which 
the concurrent processes are modelled by topological spaces equipped with an additional 
structure, the globular decomposition, encoding the time flow, and in which the execution 
paths are "locally strictly increasing" continuous maps. The second one uses the category 
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of flows in which the concurrent processes are modelled by categorical- like objects and in 
which it is possible to deflne a model structure relevant for the study of dihomotopy. 

Another interest of this equivalence is that it makes the construction of the underlying 
homotopy type of a flow possible. Indeed, loosely speaking, a dihomotopy type is an ho- 
motopy type equipped with an additional structure encoding the time flow. So there must 
exist a forgetful functor | — | : Flow — > Ho(Top) from the category of flows to the category 
of homotopy types which is also a dihomotopy invariant, i.e. sending weak S-homotopy and 
T-homotopy equivalences to isomorphisms. 

2. Construction of the underlying homotopy type functor 

Definition 7.2.1. (cf. Part\^ Section\^ Let {X,X^) be a multipointed topological space. 
Then the mapping 

induces a functor | — | : Top™ — > Top called the underlying topological space of {X, X^). 

Proposition 7.2.2. The underlying topological space construction induces a functor \ — \: 
glCW — > Top from the category of globular CW-complexes to the category of topological 
spaces. Moreover, for any S-homotopy equivalence f : X — > U of globular CW-complexes, 
the continuous map \ f\ : \X\ — > \U\ is a homotopy equivalence of topological spaces. 

Proof. It suffices to prove that if / and g are two morphisms of globular complexes which 
are S-homotopy equivalent, then |/| and l^l are two homotopy equivalent continuous maps. 
Let be a S-homotopy between / and g. By Proposition 12.4.6} H induces a continuous 
map h G Top([0, 1], gITOP(X, F)), so a continuous map h G Top([0, 1], TOP(|X|, |y |)). 
Hence an homotopy between the continuous maps |/| and \g\. □ 

Corollary 7.2.3. The functor | — | : glCW — > Top induces a unique functor | — | : 
glCW[57^~"'^] — > Ho(Top) making the following diagram commutative: 

glCW ^ Ho(Top) 




glCW[5H-i] 
Definition 7.2.4. The composite functor 

I - I : Flow ^ Flow[5-^] ~ glCW[5W-^] Ho(Top) 

is called the underlying homotopy type functor. If X is a flow, then \X\ is called the 
underlying homotopy type of X. 

Proposition 7.2.5. If f : X — > Y is a weak S-homotopy equivalence of flows, then \ f\ 
is an isomorphism o/Ho(Top). If g : cat{X) — > catiY) is a T-homotopy equivalence of 
flows, then \g\ is an isomorphism o/Ho(Top) as well. 

Proof. Obvious with Theorem 16.3.51 □ 
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Figure [21 represents the simplest example of T-homotopy equivalence. The underlying 
homotopy types of its source and its target are both equal to the homotopy type of the 
point. 

Notice that the functor from Flow to Ho(Top) defined by associating to a flow X the 
homotopy type of the disjoint sum ¥X U is not a dihomotopy invariant. Therefore the 
functor X ^ "homotopy type of ¥X U X^" has no relation with the underlying homotopy 
type functor. In the case of Figure|2l the discrete space {li, becomes the discrete 

space {t;, w^v s{v),t{w),t{v) = s{'w)}. 

Question 7.2.6. How to define the underlying homotopy type of a flow without using the 
category of globular complexes ? 

3. Conclusion 

The underlying homotopy type functor is a new dihomotopy invariant which can be 
useful for the study of flows up to dihomotopy. 
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